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CHAPTER 1
INTRODUCTION

The objective of this thesis is to prove the following theorem:

(1.1) Theorem. Let H be a dense subgroup of a Lie group G with Lie algebra g. The
(diffeological) de Rham cohomology of G/H equals the Lie algebra cohomology of g/b,
where Y is the ideal {Z € g : e'” € H for all t € R}.

Done for 1-forms in [B24, 8.14], this theorem generalizes this result to k-forms.

We will go into some detail of Diffeology in chapter 7, but we will first give some
motivation on why it is necessary for us. It is known that for a Lie group G and a subgroup
H that the quotient space G/H is a manifold if and only if H is closed. So under the frame-
work of differential geometry, our object of study G/H in Theorem (1.1) is not guaranteed
to be a manifold, and hence will not have a defined de Rham cohomology. Diffeology is a
generalization of differential geometry where given a set X one defines which maps from
U to X are smooth, where U is any open subset R" for any n. An important feature of dif-
feology is that quotients of diffeological spaces always inherit a diffeological structure. In
addition, there is a notion of differential forms, the exterior derivative and thus a complex

with a corresponding cohomology, the so called (diffeological) de Rham complex.

In this thesis we are inspired in large part by Claude Chevalley and Samuel Eilen-
berg’s 1948 paper Cohomology theory of Lie groups and Lie algebras which introduced the
so-called Chevalley-Eilenberg complex and Lie algebra cohomology. In what we take from
their work, we do our best to simplify and update. The primary example of this being proof
of Chevalley-Eilenberg coboundary formula [C48, 9.1], i.e, (5.5). In [C48] the formula
is proven with a puzzling induction, which obfuscates how one can discover the formula
oneself. With the help of a few simple lemmas, we give an easier, much more revealing

proof of this important formula.



Part 1 will give some necessary background on homological algebra, exterior alge-
bra, the de Rham Complex, Lie algebra cohomology and diffeology. Then in part 2, which

constitutes the majority of the forthcoming [C24], we will prove (1.1).



Part 1

Background



CHAPTER 2
HOMOLOGICAL ALGEBRA

(2.1) Definition. Let C be a sequence of abelian group homomorphisms

(2.2) 0—>C0£>01_>..._>Cn—1ﬁ>ondn_+>1”‘

(i) The sequence C is a called a cochain complex if d,, 1 o d,, = 0 for all n.

Members of C" are called n-cochains. We call n-cochains that are in kerd, 1 n-
cocycles and n-cochains that are in Im d,, are called n-coboundaries.
(i1) If Cis a cochain complex, its nth cohomology group is the quotient group
Ker dn+l
2.3 H"(C) = ———.
23 (©) Imd,

(2.4) Definition. Let A = {A"} and B = {B"} be cochain complexes. A homomorphism
of complexes a : A — B is a set of homomorphisms «,, : A"™ — B" such that for every n

the diagram commutes

._>AWL>A7H‘1_>...

2.5) l“" la”“

_>BWL>B7H‘1_>

(2.6) Proposition. A homomorphism o : A — B of complexes induces group homomor-

phisms H"(A) — H"(B) for n > 0 of the respective cohomology groups.

Proof. See [D04] Proposition 17.1. [



CHAPTER 3
EXTERIOR ALGEBRA

(3.1) Definition. An exterior k-form on a vector space V over R is an alternating multilin-

earmapw : V x --- x V — R. We denote the space of exterior k-forms by A*(V*).
———

k times

(3.2) Definition. The wedge product of exterior forms is the map A : A*(V*) x A/ (V*) —
A" (V*) defined by

(33  (wAn)(vr,...,0p) = Z sgn(0)wW(Vo(1)s - - - 5 Vo(k) )N (Vo (kt1)s - - - » Vo (kti))

o

where we are summing over (k, [)-shuffles o, i.e., members of the symmetric group S,

suchthato(l) <...<o(k)ando(k+1) < ... <o(k+1).

(3.4) Proposition. The wedge product is graded commutative, i.e., if w € N'(V*) and

n e N(V*) then
(3.5) wAn=(—1)"nAw.

In particular, notice that 2-forms commute with everything.
Proof. See [T11] Proposition 3.21. [

(3.6) Definition. For each v in V, we define the interior product with v as the map ¢, :

A" (V) = VE=1(V*) defined by

(3.7 Low (Vo .., V) 1= w(v, Vg, . .., UE).

The following proposition, coupled with the linearity of various maps will stream-

line many of the proofs to come.

(3.8) Proposition. Let {by,...,b,} be a basis of V, and {e1, ..., e,} be the dual basis of
V*. Then products of the form e;, N\ --- N\ e;, with iy < ia < --- < iy form a basis of

AF(V*). Thus we have dim \*(V*) = (7).



Proof. See [T11] Proposition 3.29. []

The following lemma spells out the special cases k = 1 and 2 of (3.3).

(3.9) Lemma. (a) Iffisa I-form and w is a k-form, then

k
(3.10) O Aw(vg,... vp) = > (=1)"0(0m)w (v, .- Ty - -, V)
m=0

where the hat - denotes a term to be omitted.
(b) If ais a 2-form and [ is a k — 1-form, then
(3.11)
(@A B)(vo, o) = Y (=)™ a(vi,0)Bvo, -, Ty, T,y

0<i<j<k

(Proof of Lemma (3.9a)). By (3.3) we have that

(3.12) (0 Nw)(vg, ..., v ngn ) (V0y -+ s Uy o5 UR),

where o is the permutation given by

m —l— 1 k
.)‘/.< . + 1 ,
(3.13)
We count m crossings, hence sgn(o) = (—1)™. Thus the claim follows. O
(Proof of Lemma (3.9b)). We have
(3.14)
(A B)(vg,...,v) = Z sgn(o)a(vy, v;)B(vo, .., Viy ..., V), ..., ) by (3.3)

0<i<j<k

where we are summing over (2, k — 1) shuffles in Sy, and o is the permutation given by



j cee ] e =1 j4+1
(3.15)

We count i + j — 1 crossings, hence sgn(o) = (—1)""~1. Thus the claim follows

(3.16) Lemma. Let 0; be I-forms. Then it follows that

(317) (6’1 VANCIIRIVAN 9k>(U1, e ,Uk) = det[@i(vj)]i,jzl .... k-

Proof. We prove by induction on k. The case when £ = 1 is clear. Suppose that (3.17)

holds (I.LH) . Now we show that the case of k& + 1 holds.

(3.18)

(Bo AOL A AO) = (1) 00 (vn) (01 A -+ A O)

m=0 (V1o Uy e v o5 Ug)
k 61(v0) -~ B(vm) - 61(vi)
(3.19) =Y (—=1)"0p(vy) det [ : :
m=0 61 (v0) ~ B(vm) - 61 (vr)
0o (vo) -+ Bo(vk)
(3.20) — det ( : : )
O (vo) - Ok (vg)

"When using induction, we will occasionally label the base case and induction hypothesis by B.C. and

L.H. respectively.

by (3.10)

by (L.H)

by cofactor
expansion

along row 1.
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CHAPTER 4
THE DE RHAM COMPLEX OF A EUCLIDEAN OPEN SET

By a Euclidean open set, we mean an open set inside R" for some n € N.

(4.1) Definition. Let U C R" be an Euclidean open set. A differential k-form on U is a
smooth map x — w, assigning to each z € U an exterior k-from w, € A\"((R")*). We
denote the space of such maps %(U). One typically drops the subscript in w, and just
writes w. When we need to emphasize that the form is evaluated at some point y other than

x, however, we may denote that value by w,.

The wedge product of differential forms on U is defined pointwise, that is, for a
k-form w and an [-form 7 their wedge product is the (k + [)-form w A 7 such that for each

y € U we have that

4.2) (wWAD)y =wy Any.

(4.3) Definition. Let F : U — V be a smooth map of Euclidean open sets. The pull-back
F*w of a k-form w on V by F is defined by

4.4) (F*w)e(v1, ..., k) = wr@) (DF(z)(v1), ..., DF(z)(vk)).

for v; € R".

(4.5) Remarks. We will occasionally denote DF(z)(v) using either F,(v) or when y =
F(z) by %(v).
(4.6) Definition. Let w be a k-form and V be a vector field on U. Then we define the

interior product of w by V to be the k — 1-form defined by

(4.7) (byw)z(va,y .. o) = w(V(x),vg,. .., 1)
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(4.8) Definition. Let w be a k-form on U. The exterior derivative of w is the k + 1-form
defined by

(4.9) dw(vg, . .., vp) = Z(—ni—m(vi)(%, iy ).

1=
Where the hat ~ indicates a term to be omitted. For ease of computation, we introduce the

following notation dw := 22(§z). Hence

k
(4.10) dw(Go,. .., 0rx) = > _(=1)/(6w) oz, ... 632, ... 64x).

i=0
(4.11) Definition. If V and w are a vector field and a k-form on U, then we define the Lie
derivative of w along V to be the k-from on U defined by

d

(4.12) (Lyw) (v, ..., vx) := E(etv*w) (U1, ..., k)

t=0

where etV is the flow of the vector field V.

(4.13) Proposition. The exterior derivative has the following properties:
(a) (Graded Leibniz) If w € QF(U) and n € QY(U) then
(4.14) dwAn) =dwAn+ (1) w A dn.
(b) (Naturality) The exterior derivative commutes with pull-backs, i.e.,F*[dw] = d[F*w].
(c) (Poincaré’s Theorem) Imd C Kerd, i.e., d*> = 0.

Proof. See [T11] Proposition 4.7, Proposition 19.5. [l

Poincaré’s Theorem tell us that (Q2°(U),d) is a complex hence we use (2.1i7) to
define the kth de Rham cohomology group

k-cocycles on U

4.1 Hag (U) 1= '
(4.15) ar(U) k-coboundaries on U

As a corollary to (a), we have the following which will prove to be useful later.



(4.16) Corollary. Let each 0; be a 1-form. Then we have

k
(4.17) d(Or A= AO) =) (1) A Oy A -

m=1

12

“AO, A A By

Proof. We prove it by induction on k. The case of £ = 1 is clear. Now as inductive

hypothesis, suppose the following holds

k—1

(4.18) A0 A AO1) = (1) dOy AL A AOp A=+ A By

m=1

We view 6; A --- A Br_q as a k — 1-form and 6}, as a 1-form. It then follows that

(4.19)
d(91 VANREIRIAN (gk,1 VAN Qk) = d(91 VANRIVAY Hk,l) A\ Hk by (414)
+ (=D O, A A Oy) A dB,
k—1 R
(4.20) = < (=1)"™*1db,, A 6, /\---/\em/\---Aek_l) A 0y,
m=1
+ (=D YO A A O_y) A db by (4.18)
k—1 R
(4.21) =Y (=)™ A0 NN AOp A A O A Oy,
m=1
+ (=DFNO A - A Or_y) A dby
k—1 N
(4.22) =Y (=)™ A0, NN AOp A=+ A Oy A Oy,
m=1
+ (=D)AL N O N AN O by (3.5)
k
(4.23) = (1) A0 AL A Ay A A B
m=1
O

(4.24) Proposition. IfF : U — V is a smooth map of Euclidean open sets and w € QF(V)

and n € QLV), then F*(w An) = F*'w AF*p
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Proof. See [T11] Proposition 18.11. []

(4.25) Proposition. Let w € Q%(U) and n € QY(U) and V be a vector field on U. Then the

Lie derivative has the following properties :

(a) We have
(4.26) Lyv(wAn) =LywAn+wA Lyn

(b) The Lie derivative commutes with the exterior derivative, i.e., Ly (dw) = d(Lyw).
(¢) (Cartan’s magic formula) We have the following formula for computing the Lie deriva-

tive
(427) LV = dLV + Lvd.
Proof. See [T11] Proposition 20.10. ]

As an easy corollary to (c) we have the following,

(4.28) Corollary. If w is a cocyle form, then Lyw is a coboundary.
Proof. If w satisfies dw = 0, then
(4.29) Lyw = (dvy + wyd)w = diyw + tydw = diyw.

Hence Lxw is the coboundary of tyw. 0
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CHAPTER 5
SUBCOMPLEXES OF INVARIANT FORMS

The theory of differential forms, consequently the de Rham complex, and vector
fields applies to general manifolds thanks to propositions (4.13b) and (4.24) where F is the
transition map between charts on the manifold. In particular, we want to consider the case

when the manifolds are Lie groups.

Let G be a Lie group with Lie algebra g = T.G, and let ¢ € G. We define the
left translation map L, : G — G by L,(q) = gg. For a tangent vector v at ¢, we will use
gv to denote DL, (¢)(v) where DL,(q) : T,G — T,,G. We follow a similar notation for
the right translation map R, : G — G defined by R,(¢q) = ¢g. For a tangent vector v,
we will use vg to denote DR, (¢)(v) where DRy(q) : T,G — T,,G. A k-form on G is
called lefi-invariant if Lyw = w for each g € G. If w is a left-invariant £ form, and ¢;g are

members of TG, then it follows that

(51) w(519776kg) = (Lg_l)*w<5lga"'76kg)

(52) = we<g_16197 s 7g_16kg)7

telling us that w is uniquely determined by its value at T.G = g. Hence we have the

following proposition,

(5.3) Proposition. The ring of left-invariant forms on G, denoted Q*(G)“ and the ring
N°(g*) (with multiplication given by the wedge product) are isomorphic as graded algebras

via the map w — w..

Now we will compute what becomes of the exterior derivative d under this isomor-

phism.
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(5.4) Proposition. Let w € QF(G)C, then we have

(5.5) dw(Zo, ... ) = > (=02, 2], %o, - Lis . Ly, T)

0<i<j<k

for Zz €g.

(5.6) Remarks. Proposition (5.4) is [B72, II1.3.14, Prop.51], or [M08, Lemma 14.14] or
with different normalization [C48, Thm.9.1]. In [B72] and [MO08] it is proven using "Palais’
formula" while [C48] proves it using induction on k, the base case being the well known

Maurer-Cartan formula
(57) dOJ(Z(), Zl) = —UJ([ZQ, Zl])

Restricted to the case of matrix groups we will give an easier, more direct proof based on

the Maurer-Cartan formula for which we have the following.

Proof of Proposition (5.4). We first prove (5.7). To prove it we compute the exterior deriva-
tive of the g-valued Maurer-Cartan 1-form © defined by ©(dg) = ¢g~'dg. Let’s first com-
pute the derivative of the inversion map g — g~ !. Deriving both sides of ¢ = ¢g.g~* we get

that

(5.8) 0=04(g.97") = 8g.97" +gdlg™"],

where in the second equality follows by the product rule. Hence we see that
(5.9) g~ =—g 'g.97".

Now with this, using (4.10) we compute the exterior derivative of © as

(5.10) dO(8og, 619) = dolg 1619 — d1lg™ 100y
(5.11) =—g '60g.9 019+ g '019.9 " bog

(5.12) = [g7'619, 9 "og]
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(5.13) = [0(619), ©(dog)]-

Let w(dg) = (we, g710g) = (we, ©(dg)) (5.2) be a left-invariant 1-form. Taking g = e and
0;9g = 7Z; € g, (5.13) implies that

(514) dw<Z0,Zl) = <we,d@(ZO,Z1>> = (we, [Zl,ZO]> = —W([Zo,zl]).

Now we argue it is enough to prove (5.4) when w = 61 A --- A 6, where each 6; is
a left-invariant 1-form on G. Indeed by Proposition (3.8) each member of /\k g* may be
expressed as a linear combination of products of the form e;, A --- A ¢;,. By linearity of
the exterior derivative it is enough to prove (5.4) on the k-form w = 6; A - - - A 6, obtained

when w in (5.3) is a single such product. Then

(dw)(ZQ, ey Zk)

k
= (1™ dl NOLA A O A N0 (Lo, L) by (4.16)
mk—l
=D (=0 > (1) A0, (Ze, Z) (O A A B AL AB) by (3.9b)
m=1 0<i<j<k (Zo, . . Z Zj, ooy Zi)
k
= Y (- Zﬂz )"0, ([Zs, Z) (0L A - A B A A BR) by (5.14)
0<i<j<k =1 (Zoy. .y Ziy s Ly L)
by cofactor
o 01(Z:.25]) - 01(20) ~01(25) ~01(Z) expansion
= ) (=1 det : L
0i<j<k 0u(2:2,) -+ Ox(Z2) +-00(Z;) ~0n(Z) along col. 1
and (3.16)

= > (VO A A2 L), T, i gy L) by (3.16)
0<i<j<k

= > (“V)"Mw((2i, %), Zo, - Ly Ly Do)

0<i<<j

Hence the proposition is proved. [
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CHAPTER 6
LIE ALGEBRA COHOMOLOGY

Let g be a Lie algebra over R. We use /\"(g*) to denote the space of all k-linear, al-

ternating real valued functions g X - -- X g — R, and we will call such functions k-cochains.
—_——

k times
The definitions and results of Chapter 4 still apply since g* is a vector space over R. In

particular, we have a notion of a wedge and interior product of cochains from (3.3) and

(3.6).

(6.1) Definition. For each cochain f € /\k( g*) we take inspiration from (5.5) to define the

coboundary of f to be the k 4 1 cochain df defined by

(6.2) df(Zo,....Zk) = Y (“V"f([2:,2). %o, .- iy Ly L),

0<i<j<k

When k£ = 0, we define df to be 0.

(6.3) Proposition. When g is a Lie algebra of a Lie group G, the coboundary operator d
in (6.2) satisfies

(a) (Graded Leibniz) Let f € \*(g*) and g € N\ (g*) then
(6.4) d(f Ng)=df Ng+ (=1)*f Ndg

(b) (Poincaré’s Theorem) Imd C Kerd, i.e., d*> = 0.

(c) The cohomology ring of (Q2*(G)Y, d) is isomorphic to the cohomology ring of (\*(g), d),

the so-called Lie algebra cohomology ring H*(g) :=

Proof. These properties follow immediately from results of earlier chapters. In particular,
(4.24) shows that (Q°*(G)“, d) is a subcomplex of (Q2°(G), d), which by (5.4) and (2.6) is
isomorphic to (A*(g), d). Hence (a) and (b) follow from (4.13a) and (4.13c).
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To prove (c) we note by (5.5) and (6.2) the following diagram commutes

Qk(G)G d Qk‘H(G)G

©.5) o Lo
/\k(g*) ,,,,,,,,,,,,, Ck+1 (g)

Hence w — w, defines a isomorphism of complexes and hence by (2.6) it induces a iso-

morphism between the cohomoloiges. O

The above proof relies on the assumption of existence of a Lie group G. We choose
to give direct proofs of (6.3a) and (6.3b) without the assumption of G. We first establish an

analogue of (4.16).

(6.6) Lemma. Let each 0; be in g*. Then (6.2) satisfies

(=1)™ 0y AL A - Al A= A By

WE

(6.7) Ay A -+ A6y

3
I

E

(6.8)

(=)™ A AdBy A NGy

3
I

The following proof reverses the argument of proving (5.5) using (4.16) and (5.7).
Proof of the lemma. Write h = 61 A --- A 0. Then (6.2) gives

dh(ZO7 .- aZk) = Z (_]‘)H_](Hl ARRNA Hk’)([z’mzj]’z@? s 7/Z\’i7 B 7/Z\j7 s 7Zk)

0<i<j<k
01(1Z:,25)) 01(Zo) -~ 01(Zi) -~ 01(Z;) - 61(Z)
= > (=) det : : : :
0<i<j<k 04 ((Z:,25)) Ox(Zo) -~ Ok(Zs) - Ou(Zg) = Ox(Zw)
k
= > DT (00 (Ze L) (0L A A Oy A AB)
0<i<j<k m=1 (Zos .2y 2y )
k
=" (-1mH! (=100, (Zi, Z)(OL A -+ A By A -+ A B)
m=1 0<i<j<k (Zos . Zay o Dsy o T
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k
= (1) (A0 Ay A - ANy A A O (Zo - L),

m=1

where the second equality is the exterior algebra lemma (3.16), the third is cofactor expan-
sion along the first column, the fourth is the k = 1 case df(Zy, Z1) = —0([Zo, Z1]), and the
fifth is the exterior algebra lemma (3.9). This proves (6.7). Then (6.8) follows the fact that

the 2-forms df),,, wedge-commute with everything by (3.5). [

Proof of graded Leibniz (6.3a). By the usual argument (3.8), it is enough to prove it for

monomials f =6, A--- ANy and g = 01 A --- A Oy Then (6.8) gives

d(f Ng)=d(r A NOry)

k+1

=S (D)™ A AdO A A By

m=1

k

=Y (D)™ A AdOp N ANOL A g

m=1
k+l1

+ Y (D) A O A AdOy A A By
m=k-+1

l
=df Ng+ A (=DM A Adfgs A A Oy
i=1

=df Ng+ (=DFf Adyg.

Proof of (6.3b). We will induct on k. If f € C!(g) we have that

(6.9)
d?f(Zo, 21, 7o) = —df ([Zo, Z1], Zo) + df ([Zo, Zs), Z1) — df ([Z1, 23], Zy) by (6.2)

(6.10) = f([Z2,[Z0,Z1]]) — f([Z1,[Z0, Zs])) + f([Z0, [Z1,Z5]]) Dy (6.2)

by antisymm
(6.11) = [([Zo, [Z1, Zo]| + [Z1, [Za, Zo]| + [Z2, [Zo, Z4]]) OZ[. ] y

(6.12) = £(0) by Jacobi id.
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(6.13) = 0.

Hence if f € Cl(g), d*f = 0 (B.C). Since the exterior derivative d is a linear map, by
Proposition (3.8) it is enough to prove d>f = 0 when f = ¢ A h where e € C!(g) and

h=ey A ANe;,_, € Ck"1(g). Now suppose that d*h = 0 (L.H). Then we have that

(6.14)  d*(e ANh) =d(de Ah — e Adh) by (6.4)

(6.15) =d’e Nh+de ANdh —de Adh +de ANd*°h by (6.4)

(6.16) =0+ de ANdh—deNdh—+0 by (B.C), (.LH)
(6.17) =0.

Hence by induction (b) is proved. [

6.1. RELATIVE LIE ALGEBRA COHOMOLOGY

As we did with the exterior derivative d (4.8) in (6.2), we recast the Lie Derivative

(4.11) into the setting of \"(g*) with the following definition.
(6.18) Definition. Let f be in /\k( g"). For each X € g we define the Lie derivative of f by

X to be the linear map Lx : A"(g*) — A"(g*) defined by

(6.19) (L f)(Z, ..., Zn V) F(IX,25), 21y, 2, 2.

Mpr

J=1

(6.20) Remarks. As in Proposition (6.3), the upcoming propositions follow from the anal-
ogous results in chapter 3. In particular (6.21), (6.30), (6.33), (6.35) follow from (4.25c),

(4.25b), (4.28), (4.25a) respectively. In addition we choose to give direct proofs.

(6.21) Proposition. We have the following formula for computing the Lie derivative

(622) LX = dLX + Lxd.
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Proof. We have that

(6.23)
Az )21y T) = > (DY ig f([Z.25), 20, Lo 2y, Ti) by (6.2)
1<i<j<k
(6.24) = > (VY (202,25, 20, Zi Ly, Ti) by (3.6)
1<i<j<k
o ~ ~ by anti-
(6.25) == > (U H(Z1.2). %0 Tn, - Ly Ly, L)
| <ici<k sym. of f,
while on the other hand
(6.26)
v df (Za, ..., Z) = df (Zo, . .., Zx) by (3.6)
(627) = Z (—1)i+jf([zi,2j],20,...,/Z\i,...,/Z\j,...,Z]’) by (62)
0<i<y<k
k; . ~
(6.28) = Z(— Y {20, Z5), 21 ..., 25, ..., )
(6.29) + > (026, 85), T T, Ly D T,

1<i<j<k
Adding the results together we see that (6.24) and (6.29) cancel out, leaving us with (6.28)
which is equal to Ly, f(Z1, . .., Z). This proves (6.22). O

(6.30) Proposition. The Lie derivative commutes with the coboundary, i.e., Lxd = dLx.
Proof. Let f be a cochain. Recalling that d? = 0, by (6.22) we have that

(6.31) Lxd = (dix + txd)df = dixd + 1xd® = dixd,

while at the same time

(6.32) dLx = d(dix + 1xd) = d*1x + dixd = dixd.

Hence we see that Lxd = dLx. O



(6.33) Proposition. If f is a cocycle then Lx f a coboundary.
Proof. This also follows immediately from (6.22). Indeed if f satisfies df = 0, then

(634) fo = (dLX + Lxd)f = dbxf + Lxdf = dbxf.

Hence Lx f is the coboundary of tx f.

(6.35) Proposition. For cochains f and g, we have that

(6.36) Lx(f A g) = Lx(f) AN g+ f ALx(g).

To prove the previous proposition, first we have a lemma.
(6.37) Lemma. Let each 6; be a one form, then we have
k
(6.38) Lx(1 Ao AO) = 01 A  ALxOp A ... A
m=1

Proof of the lemma. Write h = 01 A --- A 0. Then by (6.19) we have

k
Lh(Zo, .. Zi) = 3 (01 Av AO(X, L) Lo Loy - o)
m=1
k 01((X,Zm)) 61(Z1) = 61(Zm) - 61(Zy)
= det| i : :
m=1 0k ([X.Zm]) 0k(Z1) = Ox(Zm) -+ On(Zs)
k k
= X Zn) (1 A Al A A B
m=1 j=1 (Za,y o Lo+ T

Ed

Z ZLXQ Ao AOp A Ay

=1 (Zlv"'a/z\ma"'azk)

T(Lxl; AOLA - ANO; A NO)Zy, ... Z),

LA ALxO; A AO(Zy,. .., T).

22
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where the second equality is the exterior algebra lemma (3.16), the third is cofactor expan-
sion along the first column, the fourth is the £ = 1 case Lx0(Z;) = —6([X, Z1]), the fifth is
the exterior algebra lemma (3.9), and the sixth follows from the graded commutativity of

the wedge product. This proves (6.38). 0
Now with this lemma we can prove (6.35)

Proof of (6.35). By the usual argument (3.8), it is enough to prove it for monomials f =
Oy N---NOand g = 01 A -+ A by Then (6.38) gives
Lx(f AN g) = Lx(el VANKIERIVAN 9k+l)

k+1
=Y A ALxOp A Al
m=1

k
:ZQIA"'/\LXGmA"'Aek/\g
m=1

k+1
+ > F Ak A ALkl A Abr
m=k+1
l

=LxfAg+FADY Ok Avs ALxOhas A Al
i=1

O

(6.39) Definition. Let h be a Lie subalgebra of g. We call a cochain f € A\"(g*) an h-basic

if it is h-horizontal and h-invariant. Respectively this means that

(6.40) f(Zy,...,72;) =0 whenever one of the Z; € g belongs to b.

(6.41) Lxf=0 for X € .

The space of h-basic cochains /\k(g*)basiC forms a subspace of /\k(g*) We note

that the wedge product of h-basic cochains is h-basic cochain. Indeed if f € /\k(g*)msiC
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and g € /\l(g*)basiC then clearly f A g satisfies (6.40) and it satisfies (6.41) by (6.35).
Furthermore the coboundary of a h-basic cochain is also h-basic, for if X € ) we have by

(6.30)
(6.42) Lx(df) = d(Lx f) = d(0) = 0.

hence df is h-invariant. If Zy € § then

(6.43)

~

df(Zo,....Z) = Y (V" f(2:,2). %0, .- Ly ... Ly, L)

0<i<j<k

Each summand with ¢ # 0 evaluates to 0 since f is h-horizontal, hence

(6.44) =~V f[Z0.Z), %0, ... 2, L)

1<5<k
(6.45) =Ly f(Z1, ..., Z) by (6.19)
(6.46) =0

where the last equality follows from f being h-invariant and Z, € h. Hence df is b-

horizontal.

In other words (A°®(g%)pasic; d) is a subcomplex of (A°*(g), d) and its cohomology

is called the relative cohomology H*(g, ) with

7"(g) N C*(g,

(6.47) H*(g,h) := B (o)1 (g

b
)

Let G be a Lie group and H be a closed connected subgroup of G. Then (Q°(G/H)€, d)
is a subcomplex of (2*(G/H), d); while we won’t use it we note that the following propo-

sition is analogous to (6.3c).

(6.48) Proposition. The cohomology ring of (2°(G/H)€, d) is isomorphic to the relative

Lie algebra cohomology H*(g, h).
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Proof. See [B00, 1.6] []

(6.49) Proposition. When by is an ideal of g, all h-horizontal cochains are automatically

h-basic.

Proof. Suppose that f is a h-horizontal cochain and let X € h. Then by the definition of

Lx f

k
(6.50) (Lx /) (Zr, o Ze) = Y (1 (X, 2] 2, 2 T,
j=1

Since b is an ideal we have that [X,Z;] € b for each j, and since f is h-horizontal, each

summand will evaluate to 0. Hence Lx f = 0. [

(6.51) Proposition. If is an ideal of g, then the relative Lie algebra cohomology H*(g, b)

and the Lie algebra cohomology H*(g/b) are isomorphic as graded rings.

Proof. We will use Z; to denote the coset Z; + h. Consider the projection 7 : g — g/b :

Z: — Z;, then dual to this we have the injective map 7 : A"(g/h)* — A" (g*) defined by

(6.52) () Zy,...,Z) = f(n(Zy),...,7(Zy)).

We will prove that the image of 7* is exactly /\k (g)basic, whence 7* defines an isomorphism

of complexes between (A°(g/h)*, d) and (A\°(g*)basic; d). For any f € A"(g/h)* we must

show that 7*(f) is h-basic. By the previous proposition this can be achieved by showing

that 7*(f) is h-horizontal. Indeed, if Z; € b, then 7(Z;) = 0. It then follows that

(6.53) TP Zrs- o Zise o Z3) = F(T(Z0),s - (2, ... 7(Z4))
(6.54) = f(Zy,....0,....7)

(6.55) =0.
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Hence we have proven that 7*(f) is h-horizontal, and thus h-basic. We have then proven
that the image of 7* is exactly A"(g)pasic. S0 7 = A"(g/6)* — A"(g")basic defines a
isomorphism of the complexes (A*(g/h)*, d) and (A°®(g%)sasic; d)- O

(6.56) Remarks. As an isomorphism, 7* has a well defined inverse that we will denote by

7o - N (@) basic = A*(g/h)*, and which we will be use to prove (1.1).
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CHAPTER 7
DIFFEOLOGY

For any set X, we call amap P : U — X a parameterization of X if U is a Euclidean
open set, which we recall is any open subset of R" for any n. We denote the set of all

parameterizations of X by P(X).

(7.1) Definition. A diffeology on a set X is a subset D of P(X) that satisfies the following

axioms:

1. (Covering) D contains each constant parameterization. For each x € X and n € N,

D contains P : R" — {z}.

2. (Locality) If (P : U — X) € P(X) is such that for each point u € U there is an open
neighborhood V C U of u such that P|y € D, then P € D.

3. (Smooth compatibility) Let (P : U — X) € D. Then for each n € N and open

subset V. C R", and every smooth map F' : V — U, we have that Po F € D.

The elements of D are called plots. A diffeological space is a pair (X, D) where X is any

set and D is a diffeology on X.

(7.2) Definition. Let D and D’ be two diffeologies on a set X. We say that D’ is finer that

Dif D" C D. Also in this case we would call D coarser than D’.

Each diffeology on X is coarser than the discrete diffeology, that is the diffeology
consisting of all locally constant parameterizations. Each diffeology on X is finer than the

trivial diffeology, that is the diffeology consisting of all parameterizations.

(7.3) Example. Every manifold X is naturally a diffeological space with its plots being the

smooth maps from an Euclidean open set to X.

(7.4) Definition. Let (X, D) and (X', D’) be diffeological spaces, and let F : X — X' be a



28
map. We call F (diffeologically) smooth if for each P € D, we also have F o P € D',

(7.5) Proposition. Let (X, D) be a diffeological space, X' be a set, and F : X — X' be
a map. There exist a finest diffeology on X' that will make ¥ smooth. Denoted F.(D), we

call it the pushforward diffeology of D.

Proof. See [113, 1.43] ]

(7.6) Definition. Let 7 : X — X’ be a surjective map of diffeological spaces. If the

pushforward of D coincides with the diffeology on X', then 7 is called a subduction.

(7.7) Proposition. Let (X', D’) be a diffeological space, X be a set, and F : X — X' be a
map. There exist a coarsest diffeology on X that will make F smooth. Denoted F*(D’), we

call it the pull-back diffeology of D'.

Proof. See [113, 1.26] O

(7.8) Definition. Let ¢ : X — X' be a injective map of diffeological spaces. If the pull-

back of D’ coincides with the diffeology of X, then ¢ is called a induction.

(7.9) Definition. Let X be a diffeological space and let ~ be an equivalence relation on X.
The quotient diffeology on X/~ is the pushforward of the diffeology of X by the natural
map 7 : X — X/~. By [I13, 1.43], its plots are the maps P : U — X/~ such that
around each point in U there is a neighborhood V. C U and a plot Q : V — X such that

Ply =7m0Q.

(7.10) Definition. Let X be a diffeological space and let Y be a subset of X. The subset
diffeology on Y is the pull-back of the diffeology of X by the inclusion map :. By [113,

1.26], its plots are the maps P : U — Y such that ¢ o P is a plot of X.
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CHAPTER 8
THE DE RHAM COMPLEX OF A DIFFEOLOGICAL SPACE

Let us call ordinary the k-forms on Euclidean open sets and operations on them

(pull-back, exterior derivative).

(8.1) Definition. Let X be a diffeological space. A (diffeological) differential k-form on X
is a functional «, that associates to each plot (P : U — X) an ordinary k-form (4.1) on U,

denoted P*«, with the compatibility condition:
(8.2) (PoF)'a=FPa

for all smooth F' : V.— U where V is any other Euclidean open set, and where F'* denotes
the pullback as in (4.3) Note that P o F is also a plot by Definition (7.1). We denote the set
of differential k-forms on X by QF(X).

(8.3) Definition. Let X and Y be diffeological spaces, and « be a k-form on Y. Its pull-
back F*a by a smooth map F : X — Y is the k-form on X defined by: if P is a plot of X
(so F o PisaplotofY), then

(8.4) P*F*a = (FoP)*a.

(8.5) Proposition. If G : W — X is another smooth map, then (F o G)*a = G*F*c.

Proof. See [113, 6.32]. [l

(8.6) Remarks. If X is a manifold (7.3), forms (8.1) correspond 1-to-1 to forms of Chapter
4, by using ordinary pull-back. Furthermore, conditions (8.2) and (8.4) become special

cases of (8.5).

The following is a criterion for when a k-form descends to a quotient.
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(8.7) Theorem. Let X, X' be diffeological spaces, m : X — X' be a subduction, and
a € QF(X). Then « is the pull-back of some B,i.e.,a = 7* () if and only if for any two
plots P, Q of X such that m o P = 7 o Q, we have that P*(a)) = Q*(«).

Proof. See [S85, 2.5¢c] or [I13, 6.38]. ]

(8.8) Proposition. Let X and X' be diffeological spaces and let w : X — X' be a subduc-

tion. Then the pull-back 7* : Q*(X') — QF(X) is injective.

Proof. See [S85, 2.5b] or [113, 6.39]. ]

(8.9) Definition. Let X be a diffeological space. The exterior derivative is the linear map

d : QF(X) — QF1(X) defined as follows: If « is a k-form on X, then

(8.10) P*(da) = d(P*a)

for all plots P of X. Note that on the right hand side of we are taking the exterior derivative
of the ordinary k-form P*« as defined in definition (4.8).

(8.11) Proposition. The exterior derivative d and ¥* commute for all smooth F.

Proof. See [113, 6.34] O

(8.12) Remarks. When X is a manifold (7.3), the exterior derivative d (8.10) is the same

as the ordinary exterior derivative d (4.8) of chapter 4.

On ordinary differential forms, by Proposition (4.13), the exterior derivative com-
mutes with pull-backs and satisfies d*> = 0. These properties extend to the exterior deriva-
tive of differential forms, and we can thus define the (diffeological) kth de Rham cohomol-

ogy group of X by



(8.13)

Her (X)

_ Kernel d N QF(X)
~ Image d N Q*(X) '
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CHAPTER 9
DIFFERENTIAL FORMS ON X = G/H FOR A DENSE SUBGROUP H

Let G be a Lie group and H a dense subgroup. It is known that H is a Lie group,
with Lie algebra given by h = {Z € g : e’> € HV t € R} (see [B72, 111.4.5] or [H12,
9.6.13]). Endow X = G/H with the quotient diffeology, and write I : G — X for the

natural projection, I1(q) = ¢H.

(9.1) Proposition. Pull-back via 11 defines a bijection I1* from QF(X) onto the set of those

w € QF(G) that are

(a) right-invariant: Ryp = p for all g € G, where Ry : G — G maps q to qg;

(b) horizontal: (1(¢9Zy, ..., gZ;) = 0 whenever one of the Z; € g belongs to l).

Proof. First, X having the quotient diffeology means that II is a subduction, and this im-
plies that IT* is one-to-one by (8.8). Next we recall that H is canonically a Lie group, with

Lie algebrah = {Z € g: e’2 € Hforall t € R}. Asin [B24, 8.11], a key property is that
9.2) G normalizes h:  ghg ' =h forallg e G.

Indeed one knows that the normalizer N (h) is always a closed subgroup containing H
[B72, 111.9.4, Prop. 10], so it must be G by our density assumption. By deriving (9.2) at e

one deduces that b is an ideal, i.e., [g, h] C b.

Suppose 1 = II*« for some @ € Qk(X) We must prove (a) and (b). Now, the
relation II o Rj, = Il implies R} II*o = II*a for all A € H, and since H is dense, the same
follows for all ¢ € G: so p is right-invariant. To see that it is horizontal, fix ¢ € G and

consider the two plots P, Q : g x h — G sending u = (Z, W) to

9.3) P(u) = geZe™, resp.  Q(u) = ge”.
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(For these to be literally plots, use bases to identify U := g x § with some R".) Then

clearly [T o P = II o Q, so by the criterion of theorem (8.7) we have P*u = Q*p, i.e.,

for all choices of tangent vectors d;u € T, U. Taking u = (0,0), d;u = (0, W;) and d;u =
(Z;,0) for ¢ > 2, we obtain P,(d1u) = gW1, Q.(d1u) = 0 and P.(0;u) = Q.(d;u) = gZ;.
So (9.4) says that u(gWy, gZs, . .., gZx) = 0, whence (by antisymmetry) our claim that x

1s horizontal.

Conversely, suppose that € QF(G) satisfies (a) and (b), and let P,Q : U — G
be any two plots with [T o P = Il o Q. By (8.7) we must show that P* = Q*u. Since
[IoP = IToQ it follows that R(u) := P(u)"'Q(u) defines a plot R : U — H. So
(g,9h,h) := (P(u),Q(u),R(u)) are ordinary smooth functions of u, and given tangent
vectors d;u € T, U we may compute e.g. Q. (d;u)Q(u)™! € gas
©5) 8ilghl-(gh)™" = [d:g.h + gdih](gh) ™"

=099~ +gdh-hT g
By (9.2), the second term here (call it W;) is in h. Therefore we obtain

(Q*N) (51u7 s 75ku) = M(Q* (61u)7 s Q*((sku))

= u(o1[gh], ..., drlgh])

= p(0u[gh].(gh) ™, ..., dklgh]-(gh) ") by (a)

= 1(019.97 + Wi, ..., 6,9.97 "+ Wy) by (9.5)
(9.6) = u(0igg™", ... 0kg.g ") by (b)

= (019, - -, 0kg) by (a)

= (P (01u), ..., P.(dpu))

= (P ) (01u, ..., o0ku)

as desired. O]
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CHAPTER 10
PASSAGE TO LEFT-INVARIANT FORMS

In chapter 6 we constructed the Lie algebra cohomology using left-invariant rather
than right-invariant forms. Here we pass from right-invariant forms to left-invariant forms.

To accomplish this we simply pull back by the inversion map, inv(g) = g~

(10.1) Corollary. In the setting of (9.1), pull-back via II = II o inv defines a bijection

IT* = inv* II* from Q¥ (X) onto the set of those w € Q*(G) that are

(a) left-invariant: Liw = w forall g € G, where Ly : G — G maps q to gq;

(b) horizontal: w(gZy, ..., 9Zx) = 0 whenever one of the Z; € g belongs to b.

Proof. This is simply a matter of checking that . € Q2*(G) is right-invariant and horizontal
(9.1a,b) iff w := inv* u is left-invariant and horizontal (10.1a,b). Now the elementary

relation inv o L, = R;-1 o inv show and (8.5) that (9.1a) implies (10.1a):
(10.2) Ljw =L inv p=inv"R_ip=inv'p=w

(and conversely). Also, the relation inv,(Zg) = 4 inv(e?g)| —o = —9'Z shows that

(9.1b) implies

(103) W(Zlg, LR Zkg) = :u(_gilzb ) _gilzk) =0

whenever one of the Z; belongs to h; whence (10.1b) since we have gh = hg (9.2) (and

conversely). [
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CHAPTER 11
Hpg (X) AND H*(g/h)
(11.1) Theorem. Let H be a dense subgroup of a Lie group G with Lie algebra g. The

(diffeological) de Rham cohomology of G/H equals the Lie algebra cohomology of g/b,
where b is the ideal {Z € g : e’ € H forallt € R}.

Proof. We will use Q°(G)$__ to denote the set
(11.2) {w € Q*(G) : w satisfies (10.1a, b)}

Then (Q°(G)$,,, d) forms a subcomplex of (2*(G)%,d), and we have the following iso-

morphisms of complexes

(11.3) I : (Q*(X),d) = (2*(Q)§,..d) by (10.1) and (8.11)

by (6.3), (6.49), and
(11.4) w— w,: (Q'(G)gor, d) — (/\(g*)basic, d) (10.1b) for w implies (6.40) for

We

(11.5) Tt (/\(@basic: d) = (\(g/h)",d) by (6.51).

Composing these together we get an isomorphism of complexes (2°*(X), d) to (A*(g/h)*, d)
which induces an isomorphism between Hj, (X) and H*(g/bh) by (2.6). O
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