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ABSTRACT

In this thesis, tail conditional expectation (TCE) in risk analysis, an impor-
tant measure for right-tail risk, is presented. This value is generally based
on the quantile of the loss distribution. Explicit formulas of several tail con-
ditional expectations and inequality measures for Dagum-type models are
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CHAPTER 1
INTRODUCTION

1.1 Generalized Dagum Distribution

The generalized beta distribution of the second kind (GB2) with four param-
eters is a flexible distribution for modeling income and wealth distributions.
In addition, GB2 includes special cases of other distributions such as inverse
Burr with shape parameter p=1, with q=1 for Dagum, and exponential dis-
tributions. The probability density function (pdf) of the generalized beta
distribution of the second kind (GB2) is given by:

axap—l
0 B(p,q)[1 + (§)eJpre’

fep2(w;a,b,p, q) for z > 0, (1.1)

where a,p,q are the shape parameters, b is the scale parameter, B(p,q) =

I'(p)I'(a9)
I'(p+q)

Donald (1984), McDonald and Xu (1995) for additional details.

is the beta function, and a, b, p,q are positive real values. See Mc-

Dagum distribution is a special case of GB2 named after Camilo Dagum

(1977). The cdf and pdf are given by:
Gp(x; B, 0) = (1+ A z70)7P, (1.2)

and

g,z B, \,0) = BASz 011 + Aa~%) AL (1.3)

for x > 0, and 3, J, A > 0, respectively. Note that ) is a scale parameter,

while 6 and [ are shape parameters. Furthermore, the g-th quantile is

Ty =A\i(g7 —1)7, (1.4)



and the r-th moment is given by

E[X";8,),0] = B\S ( +5,1—5), (1.5)

where B(.,.) is the beta function and § > r. See kleiber (2007), Kleiber and
Kotz (2003) for additional details.

1.1.1 Mc-Dagum Distribution

The McDonald Dagum distribution (Oluyede and Rajasooriya (2013)) is a
generalization of the Dagum distribution and includes the beta Dagum dis-
tribution (Domma and Condino (2013)) as a sub model. The cdf of the

Mec-Dagum distribution is given by:

1 Gp(z;0) Je1 b1
Fup(a:€) = W/o soleL(1 — 2)t1qs. (1.6)

The corresponding series representation of the cdf is

T — ]F((Z/C + b) 08/ cti
Fup(ié) Zra/e NG Dafet ) )

= ijGD ZC,ﬁ(a/C‘i‘])?)‘vé)?
=0

(1.7)

where Gp(z;0)¥t = (1 + Az=0) P/t = Gp(x; B(a/c + §),\,6), and

o (—1)T(a/c+b)
Pj = Ta/oro—i TG+ (a/cti)

The pdf is given by:

Pup(ai€) = s (Gplm) /(1 = Gpla: )] Vg, (a:6)
- —Q%gj_j; (14 Aw™) =L = (14 Aa™) PP,

(1.8)



for x > 0, and £ = (B8, \,d,a,b,¢) > 0. The corresponding series representa-

tion of the pdf is

fup(z;€) = Zp]gD x; Blafc+7), A, 0). (1.9)

7=0
However, if b is an integer, then the Mc-Dagum cdf is

b1
Fup(r;€) =Y piGola; Bla/c + j), A, 0), (1.10)

7=0
and the pdf is

b—1

fup(xz;€) = Zp]gD x; B(a/c+j), A, 0). (1.11)

7=0

The r-th moment is given by:
= AT r . r
BLY i = Y pifla/er VB (54 Blajerih1-F ), (112
j=0

and the r-th conditional moment is

S piBlafe + NG o ,
S p,G( ﬁ(a/cﬂ)wB(y gt hlafer i) 6)’
(1.13)

E[X7|X <a] =

for d >r, 0 <y <1,y = (1+ A%, where B(y*;a, 3) is incomplete
beta function (Gradshteyn and Ryzhik (2000)).

1.1.2 Special Cases

In this section, we present several distributions that can be readily obtained

from Mec-Dagum density function:



(1) If ¢ = 1, then the random variable X has a beta-Dagum distribution
with the pdf:

BASx—L

B(a,b) (1+ /\x—5)—aﬁ—1[1 s )\x—t;)—ﬂ]b_l’

fBD(x;67A767a’b) =

for x > 0, and (3, A, 9, a, b > 0, where B(.,.) is the beta function.

(2) If a = b= c =1, then X has a Dagum distribution with the pdf:
fo(z; 8,0, 60) = BXoz 2114+ Az™°) P71 for x>0, and 3, 6, A > 0.

(3) If b = ¢ =1, then X has a Dagum distribution with parameters af,
A, 0 and pdf:

fo(z;aB,\,0) = afAsx 1 (1 + Az™0)" 1 for x>0, and 3, \, 6, a > 0.

(4) If @ = ¢ = 1, then X has a reduced beta-Dagum distribution with

the pdf:
fap(; B, A,6,b) = bBASz 1 (L+ A=) P71 — (1 + Xa™0) P,

for x > 0, and 3, A, 9, b > 0.
(5) If a = ¢ = A = 1, then X has a beta-BurrIIl distribution with the
pdf:

Fio (w3 8,8,8) = bBda" 7 (1 +27*) P 1 = (14270,

for x > 0, and 3, 9, b > 0.
(6) If ¢ = =1, then X has a beta-Fisk distribution with the pdf:

Aoz 071
B(a,b)

Ier(®; X\, 6,a,b) = (1+ )\;1;’5)*‘1*1[1 —(1+ )\x*tS)fl]bfl,



for x > 0, and A\, 6, a,b > 0.
(7) If b = ¢ = 1, then X has the Exponentiated-Dagum distribution with

the pdf:
fep(z;aB, N, 0) = afAdz 0" Y1+ A7) "1 forz >0, and 8, A, § > 0.

Note that, when o = 1, then we have Dagum distribution.

1.2 Weighted Distribution

Let X be a random variable with pdf f(z;0), where § € Q is a natural
parameter and € is the parameter space. Let w(x;€) be a positive function
with parameter e representing the recording (sighting) mechanism. The pdf

of the weighted random variable X™ corresponding to w(z, €) is given by:

w(z;e)f(r;0)

oI

(1.14)

where 0 < E[w(X;¢€)] < oo is normalizing factor. In addition, the random
variable X* is known as the weighted version of the random variable X with
weighted distribution f“(x;60,€) and weight function w. See Patil and Rao
(1978), Rao (1965), Nanda and Jain (1999), Oluyede (1999), and Patil (1991)

for additional details.



1.2.1 Some Special Weight Functions

A general class of weight functions (Riabi et al. (2010)) is given by:
w(z;e) = w(x; k,1,m,r) = 2" F™(2)F (2), (1.15)

where F(z) =1 — F(z).
Remark:
(1) By setting [ = 0, we get the weights corresponding to the probability

weighted moments (PWMs):

=1

w(z;k,m,r) = 2" F™(2)F (z).

(2) If k =r =m =0, we get the weights corresponding to the moment

generating functions:

w(x;l) = €.

(3) By putting | = r = m = 0, we have the weights for the moments:
w(x; k) = 2",

4 Ifk=1=0,m—m—1,and r - n—m, we get the weights for the

order statistics as follows:
w(z;m,n) = F" Y z)F " (z).

(5) By setting k = [l = m = 0, we have proportional hazard weight
functions:

w(z;r) = F ().



(6) If k =1 =1r =0, we get proportional reversed hazard weight func-

tions:

w(z;m) = F™(x).

1.3 Some Utility Notions and Basic Results

For b > 0, real non-integer, and |z| < 1, we have

b1\~ (CTO)
(1-2) _ZF(b—j)F(j+1)Z' (1.16)

7=0
1.3.1 Lorenz and Bonferroni Curves

Lorenz and Bonferroni curves are widely used tools for analyzing and visu-

alizing income inequality. Lorenz and Bonferroni Curves are given by

L(F () = AR

SO (1.17)
and
B(F(z)) = % (1.18)
respectively.

1.3.2 Mean Residual Life Function

The mean residual life function is well-known concept in reliability and sur-

vival analysis, denoted by M RLF(t), that is given by:

MRLF(t) = E[X —t|X > {] = E[X|X > t] —t. (1.19)



1.4 Entropy

The entropy concept plays a vital role in information theory. The entropy of

a random variable is a good measure of randomness or uncertainty.

1.4.1 e-Entropy

The applications of e-entropy can be find in many physical systems. Let X

be a random variable with the Dagum pdf:
g, (x5 8,0, 0) = BAIz 011 4+ Az ™0) 7P
and cdf
Gp(x; B, 0) = (1+ A z7%)7P.

The e-entropy is given by:

1 oo
He(gD) = 6——1 |:1 _/0 g;(x;ﬁ,)\,(S)dx )

for e > 0 and € # 1. Note that for the Dagum pdf:
/ 9 (23 8, A, 8)dz = (BAS)* / o O (14 M=)~ Py,
0 0
we set t = (1 + Ar7%)71 so that dt = (1 + Ao °)"2\dz~°"Ldx, and

o) 1
[ st = gatEact [ ey
0 0

1—e 1 € 1
= /3)\ E) 13(5—|—613 6,5(6 1)+€),

for 0 > €. Hence, e-entropy for Dagum distribution is given by:

1 l1—e 1 1
He(g,) = 1 {1 — A 56_13(5 + €8 — %’5(6_ 1) +e)} ,

for 0 > €, ¢ >0and e # 1.



1.4.2 Renyi Entropy

Renyi entropy (Renyi, 1961) for Dagum distribution is given by

Hg(g,) = (1-17)"'log Uooogg(x;k,é,ﬁ)dx}

anl\]

1 T T—1 1
= (1-71)" log{ﬁx\ ) B<6—|—Tﬁ 5(7—1)4”7')}7

forr>0,7#1,0>7—1.

1.5 Probability Weighted Moments for Dagum

Distribution

The probability weighted moments (PWMs) for the Dagum distribution is
given by:
E[X*GH(X)Gp(X)]

- / (L A2) P L= (14 A ™) P BASe T (1 A ?) T e
0

1
= ﬁAE/ t§+5m+ﬁ—1(1 £)" st (1 — Pt
0

—1)T(r+1)
Fr—l—l—] (G +1)

B : (r+1) -k _k
= Bx erﬂ j)F(]+1)B(5J+5+Bm+671 5)

k

= ﬁ/\a

M

1
/ tﬁj+§+ﬁm+ﬂ—1(1 _ t>1_%_1dt

J=0

k .k k
= 5>\5§Pj3(ﬁ]+g+5m+5,1—5>7

where we have set t = (1 + Ar 797! and used the result (1 — t%)" =

0o (=1)T(r+1) ; _ _(=DIT(r+1)
ij(] Wtﬁj, for r > 0 and |t6| < 1, and p; = TorF1—)TG+D)? for

o> k.
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Remark:

(1) If I = 0 in E[X*eX F™(X)F' (X)], we get the PWMs:

EX*G™(X)G (X)) = BAs ijB(g +pm+Bj+ 6,1 — %), for § > k.
=0

(2) If m = r = 0, we have the moments of order k:

E[X*] = w’EB(% 18,1 — %) for k < 4.

(3) By setting k£ = m = 0, we have the proportional hazard moments:

BG(X)| =3 (o = B + 5.1)

(4) When r = k = 0, we get the proportional reverse hazards moments:

BIG™(X)] = 6B(6m+ 6,1) = ——.

(5) If k=0, m - m—1, r = n — m, then we obtain moments corre-

sponding to the order statistics.

1.5.1 Tail Conditional Expectation

The tail conditional expectation of a continuous loss random variable X
shares four axioms : subadditivity, monotonicity, positive homogeneity, and
translation invariance. The tail conditional expectation (TCE) of a random
variable X is

TCEx(z,) = BIX|X > x,). (1.20)
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This risk measure can be interpreted as the mean of worse possible losses
given an average amount of the tail of the distribution. See Landsman and
Valdez (2005) for additional details. In addition, this tail is based on the g-th
quantile, z,, of the loss distribution and is defined as x, = inf{z|F(z) > q}.
It is uniquely defined as x, = F~'(q), for a random variable with monotonic,
continuous distribution function and it is usually appropriate to assume that
the loss variable X has non-negative support in insurance contexts, and we
have assumed that in this section. However, the risk measures that we de-
scribe can be applied to random variables with a sample space spanning any
part of the real line. To evaluate this tail conditional expectation, we use the

following formula

TCEx(x,) = F(lx ) /oo f (x)dz, (1.21)

where F(z,) > 0. In the next result, we obtain TCE(z,) for Dagum distri-

bution.

1.6 Tail Conditional Expectation and Inequality Measures for

Dagum Distribution

In this section, we establish the relationship between TCE and income in-

equality measures for Dagum-type distributions. We derive the most used

point inequality measures such as Lorenz and Bonferroni curves.
Theorem.

Let X be a loss random variable with Dagum distribution and x, the
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g-th quantile, where 0 < ¢ < 1. The TCE, for Dagum distribution is given

by:
BAG r r r r
TCE = B - 1—=) =By, = 1—-=
CEe) = T a7 |P\s T 5 Yi g A5 )|
(1.22)
equivalently,
TCE,(x,) = BAs B(S + 6,1 — 5) S , o (1.23)

ford >r, 0<y,<y<1,0<z,<z<o00,and y, = (1+ Az, %)L

Proof. To prove (1.22), we use the following formula

1 o
TR () = 2 / g, (x)dz
q Tq
1

- h Aoz 01 4+ A7) P e
]._(].‘i‘Ax(;&)_ﬂ/xqﬁ € (+SE ) X

_ Soy-1 g _Sy=2 ) 5 —0— _ Oyt
Let y = (1 +Az7%) 7L dy = (1 + X\z7°)2\dx 0~ Ldx, dx—m,and

BAS
L —(1+ Ax,?)
_ BAs r AN T
— 1_(1+M;5)_5[3<5+B,1 5) B(yq,5+6,1 5)}

where y, = (1 + Az, °) L ford>r, 0<y,<y<1l,and 0 < z, < x < 00.

1
TCET(xq) 3 / y3+5—1(1 _ y)_g-l—l—ldy

Yq

To obtain (1.23), we use the following formula

TCE,(z,) = [E(X") — B(X"|X < 2,)].
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Note that
EX"=EX"|X >z, + EX"|X <z,
Now,
E[X"|X < ] ! /x rg (2)d
T, = x x)dx
ST Gl o T
1 Ta
= —— Aoz " (14 Az %) PN
(1+)\xq—5)—6/0 froz (1+2277) T
so that
BAS /y“ rag_ o
EX"X<z))] = ——— 1 —y)T5t
[ | —Iq] (1_‘_)\‘%(;5),5 0 ye ( y) 0 Y

B BAG o r
T WA BTG

for 0 <y, <y < 1, where y, = (1 + Ar,°)~!, and § > r. Therefore, TCE,
for Dagum distribution is given by:

(1+ Axy0)=F ’

- r r
TCE,(xg) = BAs B(5 +8,1— 5) _

foro >r,0<y,<y<1,and 0 < 2, <z < co. When r =1, we have:

. . B(yq;%+ﬁ,1—%)
TCE(z,) = BAs B<g+ﬁ,1—5)— ESve :

for 6 > 1.

Lorenz curve for Dagum distribution is

L(G(x)) =
(1+Xz=9)~PB <§ + 6,1 — %)

)
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for0<y<1,0<x<o00,and d > 1, so that

B(yq;%—f—ﬂ,l— %)
L(G(z,)) = ,
(1+Xz%)~°B (% + 6,1 — %)

for0<y, <y<1l,0<2,<z<o00,and d > 1.
Tail conditional expectation can be written in terms of Lorenz curve as

follows:

TCE(z,) = ”[“L(GG(—%))]

1 1
B(=+81-~

(5+@ 5)
BG@%+BJ—%)

(14 Xz,%)~2°B (% + 6,1 - %)

=

= B\

* 1-—

Y

foro >1,0<y,<1,and 0 < z, < o0.

Bonferroni curve for Dagum distribution is
B(upeni-i)

(14 \z=%)-28p <§ +8,1— %)

B(G(x)) =

)

for0<y<1,0<x<o00,and d > 1, so that

B(yq;%ﬂil— %)
B(G(zy)) = ,
(14 Xz,%)~2"B (% + 8,1 - %)

foro>1,0<y, <y<1l,and 0 <z, <z < 0.
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Also, tail conditional expectation can be written in terms of Bonferroni

curve as follows:

TCE(z,) = M{l_G(%)B(G(%))]

1 1 1
= 6)\5B(5+ﬁ’1_5>

B(yq;%w,l—%)

* 1-—
(1+ Xz%)-%B (% +8,1— %)

Y

for6 >1,0<y, <1, and 0 < z, < o0.

The mean residual life function for Dagum distribution by:

MRLF(t) = E[(X —1)|X > ]

= TCE(t)—t
BAs
1—(1+AM9)F

1 1 1 1

for 0 <y < 1, where y = (1 + A7)~ and § > 1.

1.7 Outline of Thesis

The remaining of this thesis is organized as follows. Explicit formulas for
computing tail conditional expectation (TCE) of Dagum-types models are

presented in chapter 2. TCE in term of Inequality measures for Mc-Dagum
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distribution and its sub-models are given. Chapter 3 contains TCE, mean
residual life function(MRLF), and entropy measures for Dagum-Weibull and
related distributions. Chapter 4 introduces and presents the statistical prop-
erties of a new class of weighted Burr III (WBIII) distribution, including
mean, variance, standard deviation, coefficients of variation, skewness, and
kurtosis. Inequality and entropy measures are presented. In addition, maxi-
mum likelihood estimates (MLE), Fisher information, asymptotic confidence
intervals for parameters of the WBIII distribution are obtained. Applications

and examples are presented in chapter 5.



CHAPTER 2
TAIL CONDITIONAL EXPECTATION AND INEQUALITY
MEASURES FOR GENERALIZED DAGUM-TYPE
DISTRIBUTIONS

2.1 Useful Functions

In this section, some useful functions employed in subsequent chapters are

presented. The gamma function is given by:

[(x) = /000 t" et dt. (2.1)

The first and the second derivative of the gamma function are given by:

I'(z) = / t*L(logt)e~tdt, and T (z)= / t*L(logt)2e~tdt, (2.2)
0 0

respectively. The digamma function is defined by:

U(z) = 2 (2.3)

The lower incomplete gamma function and the upper incomplete gamma

function are

7(3,:5):/ t"le7tdt, and F(s,:r:):/ t et dt, (2.4)
0 T

respectively.
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2.2 Tail Conditional Expectation and Inequality Measures for

Mc-Dagum Distribution and Sub-Models
The TCE, for Mc-Dagum distribution is

TCE,(z,) = [E(X")—E(X"|X < x,)]
= Y pyflafet IV [BO/8 + Bafe+ i), 1 - 1/0)

B(y,*r/0+ Bajc+4),1— r/é)]
>0 piGlag; Blaje+4),A,0) |

for 6 > r. When r = 1, we have:

TCE(z,) = [E(X)—- E(X|X <u,)
= D> _piblajet )N {B(l/a +B(afe+5),1—1/9)

3 B(yq*;1/6+6<a/c+j>,1—Ué)}
Z;ioij(xq;ﬁ(a/C_‘_j)v)"a) 7

(2.5)

for § > 1,0 < y,* = (1 4+ Mz, 7%)7! < 1, where G(z,; B(a/c + j),\,0) =
—0\—pB(a/ct+j — (=1)T(a/c+b) 3
(14 Az, %)~ P@/eti) and p; = Fa/ath T @y Lhe model with the

parameters (A = 6.5, § = 1.5, § =5, a = 1.005, b = 1.04, ¢ = 1.9) in Figure

2.1 corresponds to Mc-Dagum distribution.

We derive income inequality measures for Mc-Dagum distribution. Lorenz
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———A=B6.5 p=1.5 6=5 5=1.005 b=1.04 c=13
3=B.5 B=15 8=5 a=1.005 b=1.04 c=1 ||
na — A=b.5 p=1.45 6=5 a=1 b=1 =1

09

07

TCEix)

Figure 2.1: TCE for Mc-Dagum and sub-models for different values of pa-

rameters.

curve for Mc-Dagum distribution is

S opiBla/e+ )N By*1/8 + Bla/c + 5),1 = 1/8)
Z]O‘ioij(x;B<a/C+j)a>"5)
1
> iopiBla/c+ HNPB(L/0 + Blafe+ j),1 = 1/6)°
(2.6)

L(F(x)) =

*

ford >1,0<y*<1,and 0 < x < 0.

Tail conditional expectation for Mc-Dagum distribution can be written
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in terms of Lorenz curve as follows:

TCE(z,) = M[l_ﬂi(_ig))}

= Lndlale +INB(§ + dlojer )1~ 5)

 XEpiBlaje+ )MNPB(y i 1/0 + Blaje +4), 1 = 1/9)
F2(xq) Y2520 piBla/e+ HIMNPB(1/6 + plajc+ ), 1 = 1/6) |
(2.7)

1

*

where F(z,) = Z;)ioij(wq;ﬁ(a/C+j)a>\a5)7 F(zg) = 1~ F(x,), 6 > 1,
O<y*<1l,and 0 < = < o0.

Bonferroni curve for Mc-Dagum distribution is

S ZopiBlaje+ NP B(y*;1/6 + Bla/c+ j),1 — 1/6)
Z;.;QPJG('T;B(@/C—i_j)?)"é)
1
F(x) Y2 pibla/c + )H)AVIB(1/5 + B(a/c+j),1 —1/d)’
(2.8)

B(F(z)) =

*

for 6 > 1,0 <y* <1, and 0 < x < co. Also, tail conditional expectation
for Mc-Dagum distribution can be written in terms of Bonferroni curve as

follows:
TCE(z,) = pu [1 - B(F<wq>>]
— jz:;pjﬁ(a/0+j))\§3(% +Bla/e+j),1 - %)

X epiBla/e+ )N B(y*1/8 + Blafc + j), 1 — 1/9)
F2(xq) 352 piBla/c+ J)NB(1/6 + Bla/c+ j),1 = 1/6) |
(2.9)

1

*
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where F(z,) = Z;ioij(wq;ﬁ(a/C—l—j),)\,(S), F(zg) = 1= F(x,), 6 > 1,
O<y*<1l,and 0 < z < o0.

The mean residual life function (MRLF') for Mc-Dagum distribution is

MRLF(t) = TCE(t)—t
S o piBlaje + AV

oI > o PiG(t; Blajc+ ), A, ) [B(l/5+ﬁ(a/c+j), 1-1/9)

Blus1/o-+ Blafe+ i), 1-1/9) ~1

(2.10)

for 0 <y,* <1,and 6 > 1.

2.2.1 Sub-Models

Several TCE and inequality measures for the sub-distributions can be de-
rived from TCE and inequality measures of Mc-Dagum distribution as special
cases.

Remark:

(1) If c=1 and b,a > 0, then TCE(x,) for beta-Dagum distribution is

given by:

TCE() = 3 pibla+ IV B+ B+ )1~ 10

Blyg*;1/0 + Bla+j),1 - 1/5>]
Z;ioij(xq;B(a_'_j)a)‘?(s) ’

for 6 > 1,0 < y,* = (14 \,%)"t < 1, where G(z,;8(a + j),\,6) =

—5\—B(a+i o (—1)IT(a+b)
(14 X)) and p; = rore e
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The model with the parameters (A = 6.5, § = 1.5, 6 = 5, a = 1.005,
b=1.04, ¢ = 1) in Figure 2.1 corresponds to beta-Dagum distribution.

Lorenz curve for beta-Dagum distribution is

SoopiBla+ A B(y*1/6 + Ba+j),1 —1/6)
z;‘ioij<m; ﬁ(a + j)v )‘7 5)
1

2= piBla+ AP B(1/6 + Bla+j),1—1/0)

foro >1,0<y*<1,and 0 < x < o0.

L(F(x)) =

*

TCE can be written in terms of Lorenz curve as follows:

TCEw) = SopflatiNB(5+ 8+ 1-5)
=0

1

*

C XepiBlat )N B(y1/6 + Bla+5),1-1/6)

F2(xq) 32520 piBla+ )N B(1/6 + Bla+j),1 - 1/0) |7
where F(z,) = 72 p;G (g Bla+3), A, 0) and F(z,) =1—F(x,), for § > 1,
O<y*<1l,and 0 < = < o0.

Bonferroni curve for beta-Dagum distribution is

SoopiBla+ )N B(y*1/6 + Ba+j),1—1/6)
Z;ioij@;; B(CL + j)? A, 6)
1
> oo piBla+ )N/ B(1/6 + Bla+j), 1 — 1/0)F(z)’

foro >1,0<y*<1,and 0 < x < o0.

B(F(z)) =

*

TCE can be written in terms of Bonferroni curve as follows:
= N 1 . 1
TCE(z,) = ijﬁ(a —|—j))\53<— + pla+7),1— —)
o ) )

1

*

C XepiBla+ )N B(y1/6 + fla+5),1-1/6)
F2(xq) Y520 piBla+ A B(1/0 + fla+j), 1 —-1/6) |
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where F(z,) = Zjo'ioij(x%B(a/C +7),A,0) and F(wq) = 1— F(z,), for
0>1,0<y*<1l,and 0 < z < 0.

The mean residual life function (MRLF) for beta-Dagum distribution is

MRLF(t) = TCE(t)—t
S opiBla+ j)N°

T 1=, piG(t Bla+ ), A, 0) [B<1/5+5(a +5),1—1/0)

- B@Jﬂﬁ+ﬂ@+¢%1—ﬂﬁ}—u

for 0 <y,* <1,and 6 > 1.

(2) If a =b=c=1, then TCE(x,) and inequality measures for Dagum
distribution were mentioned in chapter one. The model with the parameters
(A=65,=15,0=5a=1,b=1, c=1) in Figure 2.1 corresponds to
Dagum distribution.

(3) If b = ¢ =1, then TCE(x,) for Exponentiated-Dagum distribution
is

. . B(y@%%—ozﬁ,l—%)
TCE(x,) = afs B(S +af,1— 5) — T )\xq—‘s)_aﬁ , foro>1.

Lorenz curve for Exponentiated-Dagum distribution is given by:
B(s +as1- )

(14+ Xx=9)~*B (% +af,1— %)

L(F(x)) = for0<y<1,0<z<oo,and d > 1.
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TCE can be written in terms of Lorenz curve as follows:

TCE(z,) = oﬁAéB<%—raﬁJ-%)
B(yq;%—l—aﬁ,l—%)

* [1—
(14 Az, 0)"208B (% +aB,1— %)

)

foro >1,0<y, <1

Bonferroni curve for Exponentiated-Dagum distribution is
B(s+an1-4)

B(F(z)) =
(1 + )\3?_6)_20453 (% + 046, 1— %)

, foro>1,0<y<1,and 0 <z < o0.

TCE can be written in terms of Bonferroni curve as follows:

TCE(z,) = oﬁA?B(%%aﬂJ——%)

B(yq;%—l—aﬁ,l—%)

(1+ Ax,=9)"208B (% +apf,1— %)

* 1-— ,
ford >1,0<y, <1

The mean residual life function for Exponentiated-Dagum distribution
is given by:

B3
1—(1+ At—0)—8

* {B(%—Faﬁ,l—%) —B(y;%—i—&ﬂ,l—%)] — 1,

for 0 <y < 1, where y = (1 + Az~°)"!, and § > 1.

MRLF(t) =
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2.3 Concluding Remarks

This chapter includes some computations, here are the main results for Mc-

Dagum distribution:

e Tail conditional expectation is given by:

TCE(z,) = [E(X)—E(X|X <)
= Y pyBlafet N B/ + Blofe + )1~ 16

By, 1/6 + Bla/c+j),1 = 1/9)
Z;ioij(zq;ﬂ(a/C_'_j)a A, 0)

], for o > 1.

e Lorenz and Bonferroni curves for Mc-Dagum distribution are given by:

S 2 opiBla/e+ HNP By 1/6 + Bla/c + j),1 - 1/6)
Z]O‘io ij(iE; B(a/c + ])7 >" 5)
1
> oopiBlaje+ NP B(/6+ Blaje+7),1—1/0)

L(F(z)) =

*

foro >1,0<y"<1,0<z< o0, and

SoopiBlaje+ NP B(y*;1/6 + Blajc + j),1 = 1/9)
> o piG(x; Blaje + 5), A, 0)
1
F(z) > 2o piBla/c+ )N B(1/6 + B(ajc+j), 1 — 1/d)’

B(F(x)) =

*

ford >1,0<y* <1, and 0 < x < 00, respectively.

Tail conditional expectation for Mc-Dagum distribution can be written

in terms of Lorenz and Bonferroni curves.
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e Mean residual life function is given by:

MRLF(t) = TCE(t)—t
S %o piBlaje+ jN?

T 1= p Gt Blaje+ 5),0,0) {3(1/5 + Blafc+ 4),1—1/6)

By, 1/6+ Blafe + ), 1 — 1/6)] _t

for 0 < y,* <1,and 6 > 1.

Note that we have properties of beta-Dagum distribution when ¢ =1,

and Dagum distribution if a = b = ¢ =1 as sub-models.



CHAPTER 3
TCE AND UNCERTAINTY MEASURES FOR
DAGUM-WEIBULL DISTRIBUTION

In this chapter, TCE and mean residual life function for the Dagum-Weibull
distribution are presented. Entropy measures including Renyi and e-Entropy

are also given.

3.1 Dagum-Weibull Distribution
The cdf and pdf of Dagum-Weibull (DW) distribution are given by:
FDW("'U;/87>\757’)/7C) = (]' _|_)\,YC§J:*C5)*B’ (31)

and

fow (@ B,0,6,7,0) = BASY esz O (14 M@ ) T (3.2)

for x > 0, and f3, 0, A\, 7, and ¢ > 0, respectively, (Oluyede and Kimitei
(2013)). With parameters 3, Ay, and cd, this can be seen as resulting in
Dagum(B, \y*, ¢d) distribution. In addition, the g-th quantile is

—1

g =yAB (g7 — 1) (3.3)

Furthermore, the r-th moment is given by:

r

r. o cd :—5 1 _
E[X757)‘757’776]_6(7 A) B(05+/371 05)7 (34>

for ¢c6 > r, and B, d, A\, v, ¢ > 0.
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3.2 Submodels

Submodels of the DW distribution are given in this section.
Remark:

(1) If ¢c=1, then we have the Dagum-Exponential (DE) distribution with pdf:
foe(z;B,0,6,7) = BAz 0114 270 P 1 forxz>0,4 6, v, and A > 0.

(2) If A =~ = c =1, we have the Burr-III distribution with pdf:

forr(x, 3,0) = Box Y1 +27°)1 ford, B>0.

(3) If B =1, we have Fisk-Weibull (FW) distribution with pdf:
frw(z; A, 6,7,¢) = coMyPa N1+ A\y@z=®)"2 for ¢d > 1, and A, 8, vy, ¢ > 0.

(4) If B =~ = ¢ =1, we have Fisk distribution with pdf:

frisg(x; X, 0) = oAz Y14+ x™%) 72, for § >0, and X > 0.

(5) If v = ¢ = 1, we have Dagum distribution with pdf:

fo(z; B,7,0) = BAoz 11+ Az™°) P71 for x>0, and §, 6, A > 0.
(6) If ¢ = 2, v = 1, we have the Dagum-Rayleigh distribution with pdf:

foac—ray(x; 8, 1,0) = (20)B x>~ (1 4+ Xz™?)7P~1 for 8, X, 0 > 0.
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3.3 Tail Conditional Expectation for Dagum-Weibull

Distribution

The tail conditional expectation (TCE) for Dagum-Weibull Distribution (DW)

is presented in this section. Note that
EX"|X >z, = EX"] - E[X"|X <1z,

and

EX"X <z, = F(lxq)/oq:v’"fpw(:x)d:r
1

— v cd r—cd—1 ¢S .—csy—B—1
- (1 + )\,705:E_05)_/3/(; 5/\7 cox (]. + A’}/ X ) dx.
q

We set y = (1+Xy*27) 7", 0 <y < 1, s0 that dy = (1+Az~°) ?Adz~""du,

+7
and dz = —2 4 Consequently,

r 6(’706/\)£ o, - —L4+1—
E[X ’X < xq] = (1 + 765)\‘7;—06)—6 0 y66+ﬁ 1(1 o y) 5t ldy
q

BN r r
Blys~+p1- =
At a7\ ™ bl=3 )

for 0 <y, <1, y, = (1 +~7°\x,~%)~%, and ¢§ > r. Therefore, the TCE, for
DW distribution is
B(yq;j—5+ﬁ,1 - —5)

(1 + Az e0)=h ’

— B(N) i A
TCE,(xg) = (v N) B(C(SJrﬁ,l 05)

for cd >7r, 0 <y, <1, and 0 < z, < co. When r =1, we have:

1 iy Bmidesa-g)
TCE(z,) = B(v\) = | B — 1—— )=
C ("Eq) /B(’}/ ) 0 (C(S +ﬂ’ C(S) (1+,yc§>\xq—c5)—5 ’
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for ¢ > 1. Note that tail conditional expectation can be obtained in terms

of Lorenz and Bonferroni curves as previously mentioned in chapter 2.

3.4 Mean Residual Life Function for DW Distribution
The mean residual life function M RLF(t) for DW distribution is given by:

MRLF(t) = TCE(t)—t

BN
[— (1 +Px) P

1 1 1 1

(3.5)

*

for 0 <y, <1, and ¢ > 1.

3.5 Entropy

In this section, Renyi (1961) and e-entropies for the DW distribution are

presented.

3.5.1 e-Entropy

e-entropy for DW Distribution is given by:

1

H(fpw) = p— ll —/0 fow(@; B, A, 6,v,¢)dx|, €>0,and e # 1.



Now,

/ Fow(@ B N6,z = (BAy™ed)”
0

*

/OO $—e(c6+1)<1 + /\’YC6I_66>_E(IB+1)CZ[E.
0
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We set t = (1 4+ MPz=)~L then dt = (1 + 9 z~) 2 \y9cdr " dx, and

1
doe — (Myot)ttes dt

—, so that
e yed (1—t) Tes g2’

/ fow (@B, 0,6, 7,c)de = B(7N) S ()
0

1
% /tis+fﬁ—c%—1(1—t)€+és—c%—1dt
0

= BN ()
1 € €
3(54—65— 5,6%—5

*

for ¢cd > € — 1. Hence, e-entropy for DW Distribution is:

Hifow) = —[1- 500 (o

1 € € 1
* B($+€ﬁ_576+5_5>:|7

fore >0,e# 1, and ¢d > e — 1.

3.5.2 Renyi Entropy

Renyi entropy (Renyi, 1961) for DW Distribution is given by:

Hr(fow) = (1—7)"tog [/OOO fhw(x; B, )\,é,fy,c)d:c]

co

— (1—7) g [mw%mc(sr-@(i I,

cd

1
cd)’

+7’
-
cd

1

co

)|
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fort>0,7#1,and ¢d > 7 — 1.

3.6 Concluding Remarks

This chapter includes some computations, here are the main results for DW

distribution:

e Tail conditional expectation is given by:

TCE(z,) = B(v*\N)= | B = 1—— | —
0B(e) = 80N | B( 5481 5 ) = e

for ¢d > 1.

e Mean residual life function is given by:

By N
L — (14 y9Nt=<0)=F

a8 ke

for 0 <y, <1, and ¢ > 1.

MRLF(t) =

e c-entropy for DW distribution is:

1
1 € € 1
* B(£+€B—C—5,E+C—5—£>:|,

fore>0,e# 1, and cd > € — 1.

H€<wa) = 6% |:1 — ﬁe()\fYCts)%(c(s)e—l



e Renyi entropy is given by:
Hg(fow) = (1-7)"tlog 57(705A)1c;(c5)713(

fort>0,7#1,and ¢d > 71— 1.

1 T
— 4+ 78— =, 7+

cd co
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T

co



CHAPTER 4
GENERALIZATIONS VIA WEIGHTING FOR BURR-TYPE III
DISTRIBUTION

4.1 Introduction

In 1942, Irving W. Burr constructed the Burr system of distributions. The
generalized (log-) logistic-Burr distribution is referred to as Dagum distri-
bution (1983) with an additional scale parameter (). Dagum distribution
is also known as the generalized (log-) logistic distribution with § = 1. In
this chapter, we present the more important class of weighted Burrlll dis-
tribution which is a flexible parametric model. A number of distributions
are actually limiting forms of Burr distribution. The Burr-XII distribution
is one of the most widely known Burr distribution and has the logistic and
Weibull distributions as sub-models. Paranaiba et al. (2013) developed the

statistical properties of the Kumaraswamy Burr-XII distribution.

4.2 Burr-Type Distributions

The cdf and reliability function of the BurrlIl and BurrXII can be written in

closed forms. The cdf and pdf for BurrlIl (BIII) distribution are given by:
For(zye k,s) = (14 (z/s)7)7F, (4.1)

and

forrr(x;c,k,s) = cks®e™ " (1 + (x/s)7¢)F 1, (4.2)
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for x > 0, and ¢, k, s > 0, respectively. Note that, s is a scale parameter,
while ¢ and k are shape parameters. With parameters ¢, k, and s, this can
be seen as resulting in Dagum(c, k, s¢) distribution. The I-th moment of BIII

distribution is given by:
E[X'] = ks'B(k+1/c,1—1/c),

obtained by setting t = (14 (z/s)™¢)~', for ¢ > [, (Al-Dayian (1999)). The
cdf and pdf for BurrXII (BXII) distribution are given by:

Fexr(z;c,k,s) =1— (1+ (z/5)°)7", (4.3)

and

fexir(z;c k,s) = cks a1 (1 + (x/5)°) 7, (4.4)

respectively, where ¢ > 0 and k£ > 0 are shape parameters and s > 0 is a

scale parameter. The [-th moment of BXII distribution is given by:

E[X'] = ks'B(k—1/c,1+1/c), forc>L.
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4.3 Probability Weighted Moments

Consider the weight function w(z) = x'F™(z)F (z), then the probability

weighted moments (PWMs) corresponding to Burr III pdf are given by:
BIX' Py (X)F (X))

= /OOO 2 (14 (2/s)79)7F™[1 — (14 (2/s)79) k)"

% cksCe N1+ (z/s)7) " lda
-/ (1 : t) T ol
o \ s ese(1—t)!te
_ zz e + 1 J_Fjr —2]13_ 5 /01 tkj+§+km+k—1(1 _ t)l—é—ldt
= kleqJ (kj +-+km+k1-— é)
where ¢; = %, ¢ > [, and we have set t = (1 + (z/s)7¢)~!, and

used the result (1 —t*)" =37 %t“, for r > 0 and [t*] < 1.

Remark:

(1) If m = r = 0, we have the moments of order I:

l l
E[X' = kslB(E +k,1— E)’ for ¢ > I.

(2) By setting | = m = 0, we have the proportional hazard moments:

)] = k:quB<kj +k, 1).
j=0
(3) When r =1 = 0, we get the proportional reverse hazards moments:

E[F™(X)] = kB(km + k,1) = mLH
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(4) When m = 0, we get :
[
E[X'F" —k‘ngq] (k:j+ + k, 1—E>, for ¢ > 1.
(5) When r = 0, we get :

l l
E[X'F™(X)] = kslB(— +Ekm+k,1 - -), for ¢ > I.
C

C

(6) When [ = 0, we get :
E[F™(X _kij <kj+km+k,1).

(7) If il =0, m — m —1, r = n— m, then we obtain moments corresponding

to the order statistics.

4.4 Weighted Burr-1II Distribution with Weight Function
w(z) = 2 F™(z)

In this section, the statistical properties of the weighted Burr-111 (WBIII)

distribution with the weight function w(z) = x' F™(z) are presented.

The WBIII pdf with weight function w(z) = 2! F™(z) is given by:

2 (1 + (x/s)7¢)Pmcksa™7 (1 + (x/s)¢) 7+ 1
kslB(g +km+k,1— g)

cselat=e (1 4 (/s)—¢)km—h-1

B(§+km+k,1—g)

gWBIII(x;CJk787l,m) e

Y

where E(w(X)) = E(X'F™(X)) :k’slB( +km+ k1 — ) for ¢ > 1,
and ¢, k,s,l,m > 0. The graphs of pdf for WBIII distribution are given in

Figures 4.1 and 4.2.
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Figure 4.1: WBIII pdf distribution for different values of parameters.
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Figure 4.2: WBIII pdf distribution for different values of parameters.
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The corresponding WBIII cdf is given by:

GWBIII(x;C>k757l7m) = / gWBIII(y; C, k75>l7m)dy
0
B /z Csc—lyl—c—l(l + (y/s)—c)—km—k—l
0 B(§+km+k,1—§)

dy.

-1

sl =
Let t = (1+(y/s)™¢)" ', 0 <t <1, then dy = _()Tedt and y = (1_t) :

csctQ(l—t)H'% ’ 5%t

Now,

_Tl[l—c—l]
_ _ 1
o Csc—l (u) tkm—i—k I(Sct)l—l—c

st
Gwair(z;c k,s,l,m) = / dt
0 ese(l — t)HiB(é +km+k,1— f;)
B(x*;é—i—kmjtk,l— ﬁ)
B(§+km+k,1—§)
where z* = (1 + (z/s)™¢)71, 0 < 2 < o0, ¢, k,s,1,m > 0, and Bg(zz’)b) is an

incomplete beta function ratio, Gradshteyn and Ryzhik (2000). The graph
of cdf for WBIII distribution is given in Figure 4.3.

4.4.1 Submodels

Several distributions can be readily obtained from the WBIII distribution.
Remark:

(1) If I = m = 0, then we have Burrlll distribution with pdf:

Gurrr (0K, 8) = cks®e™ 14 (x/s)"¢)F forx >0, and ¢, k,s > 0.
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(2) If I = 1 and m = 0, then we have the length-biased BurrlIl (LBBIII)

distribution with pdf:

eselrme(1 + (x/s)~¢) k1
gLBBIII(x;C7 /'C,S) = )
B (% + k11— %)

(3) If k = 1, then we have the weighted Fisk (WF') distribution with pdf:

forec>1,2>0,and k,s > 0.

c—1,.l—c—1 1 Ce\—m—2
Gwr(zicl s,m) = s x (1+(x/s)7°) |
B(i+m+1,1_é>

(4) If k =1 and [ = m = 0, then we have Fisk distribution with pdf:

forc>1, x >0, and ¢, l,s,m > 0.

Gpror (T30, 8) = cso™ (1 + (x/s)™ €)%, for z >0 and ¢, s > 0.

(5) If k =1 =1 and m = 0, then we have the length-biased Fisk

distribution with pdf:

cslame(1+ (z/s)7¢) 72
Jpr(TiC,8) = )
B(l +11- %)

The hazard and reverse hazard functions of the WBIII distribution are

forec>1,x>0and s > 0.

given by:

h gWBIII('T.C k S’ l’m)

ek, s, =
WBIII(x7C7 S, 7m) GWBIII(x c, L S,l,m)

Pl l l c— 1( +($/S)_c)_km_k_1

B(§+km+k,1—§ —B(x*;§+km+k:,1—§)

)
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Figure 4.3: WBIII cdf distribution for different values of parameters.

and
g (x7 c? k? S7l7m)
T r;c, k, s, l,m) = WEBIIL
WBIH( ) GWBIH(!E; c, ks, 1, m)
_ CSC_le_C_l(l + (iL‘/S)_C)_km_k_l
B(x*;%—i—km—l—k,l—é)
respectively.

Figure 4.4 shows unimodal shape for the hazard function of WBIII distri-
bution for different values of parameters. The hazard function is decreasing
and upside down bathtub shapes in Figure 4.5. Also, Figure 4.6 shows dif-
ferent shapes for hazard function of BIII model as a special case of WBIII
distribution for different values of parameters. For example, this plot shows
bathtub followed by upside down bathtub shapes and decreasing hazard func-
tions.

In the next result, we study the monotonicity properties of the WBIII
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Figure 4.4: Hazard function for different values of parameters.
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Figure 4.5: Hazard function for different values of parameters.
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Figure 4.6: Hazard function for different values of parameters.

distribution by taking the logarithm of its pdf as follows:

(o oy (e ks, 1m)) = In(c) + (c — Din(s) + (I — ¢ — 1)In(x)
— (km+k+Din(1+ (z/s)™)
— In[D(Ifc+ km + k)] — In[T(1 — 1/c)]
4 In[D(km + k).

The derivative of the logarithm is

olngy, iy (x50, k,s,l,m)  l—c—1+(emk+ck+1—1)sc7¢—c—1
O B x + sex—etl '

ong,, g1, (x; ¢,k s,1,m)

ox

(emk + ck + 1 — 1)sc>i

>0 <
’ ( c—1+1

1
0lng,, p,rr (50, K, 8,1,m) e (emk + ck + 1 —1)s¢ c’
Ox c—1l+1
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and

Ongy i, (T ¢,k s,1,m)

ox

emk + ck +1—1)s° C
c—1+1 '

<0<:>QJ>((

The second derivative of the logarithm is given by:

0x? T oz x + sexp—ett
B (cx™¢ + esx™2)[s°(1 — 1 + ckm + ck)]
- { (z + sea—ctl)? }
(x7¢+ (1 — ¢)s°272¢)[s°(l — 1 + ckm + ck)]
a [ (x + sex—ctl)? } '

O*Ingy uypy (@0, k,s,l,m) 0 {l —c—1+(emk+ck+1—1)sc ¢ —c— 1]

The second derivative of the logarithm for WBIII distri]oution is negative,

c—Il+1

the mode of WBIII distribution is z¢ = (M> c.

4.5 Moments

The " moment of WBIII distribution is given by:

E<Xz) B /oo Csc—lxzﬂrlfc—l(l + (x/s)—c)—km—k—l "
0 B(é—i—k’m—i—k,l—é)

st

=Llitl—c—1]
) cse! <u) tkm+k+1(5ct)1+%
dt

-

siB(km%—k‘%-%,l—%)

cso(1 — t)HiB(f—: +km+k,1— é)

)

B(§+km+k,1—§>
(4.5)
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where t = (1 + (z/s)™¢)" 1, 0 <t <1,¢>1i+1, and ¢, k,s,[,m > 0. The

mean and variance of WBIII distribution are given by:

sB(km—i—k—l—lTH,l—lT”)
(X)

Hwerrr = EWBUI

9

B(§+km+k,1—§)

and

owpir = Ewsmi(X?) — (Bwsi(X))?
SZB(km+k+27“,1—27+‘) szBQ(karkJrlT”,l—l—“)

C

Y

B<£+km+k,1—é> B2(§+km+k,1—({)

(4.6)

respectively. The coefficient of variation (C'V) is given by:

CV — VCLTWBIII(

/’LWBIII

X)

, (4.7)

sB km+k+1jl,11c“)

where p,, ., = ,and Var,,,,,,(X)is given by (4.6). The

l l
B\ +tkm+k1-2
coefficient of skewness (C'S) is given by:

CS = E{(X _WT _ BIX?] - 3pE[X?] + 2447

o3 o3

, (4.8)

where E(X") for i =1,2,3 is given by (4.5), and ¢® = (\/Var,,,,,,(X))?,

respectively. The coefficient of kurtosis (CK) is given by:

OK:E{(X;M)“] _ BIXT] —4uE[X3]4+6u2E[X2] —3u47 (4.9)

g
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where

[

54B(km+k+4—jl,1 — 4—“)
E[X*Y =

, (4.10)
B(é—l—km—l—k:,l—ﬁ)

X))2. Mean residual life function, denoted

and o* = (O'IQ/VBH[)Q = (Va‘rWBIII(

by MRLF(t), is given by:
MRLF(t) = E[X —t|X > 1]

SB(k;m—l—k—i—lTH,l—lT“) —B(x*;km—l—k—i—l?”,l—l—“)

C

B(g+km+k:,1—g) —B<x*;§+km+k,1—f;)

sB (km+k+1jl,1—1jl) B (z*;km+k+1jl,1—1jl)
where EWB[]](X) = ,E[X|X S t]

b

B é-i—km-i—k,l—% GWB[[](t)B km-i—k’-i—i,l—i)

and Gy prrs(t) is the cdf of WBIII distribution, z* = (14 (x/s)7¢)~".

4.6 Inequality Measures

Lorenz, Bonferroni and Zenga curves are given in this section. Graphs of
these income inequality measures are presented for selected values of the pa-
rameters of the WBIII distribution. Lorenz curve for the WBIII distribution
is given by

B<§+km+k,1—§>

L(GWBIU(I'))
sB(k:m—i—k—l—%,l—%)

T c—ltl—c—1+1 1 t —c\—km—k—1
e (Lt (fs) eyt
0 B(§+km+k,1—§)
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Let u = (1+ (t/s)7¢)7!, then dt = _Grw)Tedu g

T
es¢(1—u)ttcu? ’

B<§+km+k,1—§)

L(GWBHI(x)) =
sB(km+k+17+l,1—17+l)

-

B(x*;km—i—k—l—l?“,l—l—“)

s¢u

== )
— — 141
oo CSC l(l “) ukmEREL(goq) e

du

cso(1 — u)HiB(é +Ekm+k,1— é)

[

B(km+k+%,1—ﬁ>

C

for 0 <u<1, 2= (14 (x/s)°) !, and 0 < z* < oo. Figure 4.7 shows
different shapes of Lorenz curve of WBIII distribution for different values
of parameters. These shapes are convex curve that shows inequality mea-
sure and the straight line shows equality measures of Lorenz curve between
percentage of wealth (x-axis) and percentage of population (y-axis).

Tail conditional expectation can be written in terms of Lorenz curve by:
TCE(x) = ,u[l -

sB(km+k+17+l,1—1—+l>

[

B(é—i—k’m—i—k‘,l—é)

[

B(§+km+k,1—§> -B(x*;km+k+17+’,1—1—+’>
* 1—

B(x*;§+km+kz,1—ﬁ> -B(km+k+17“,1—1—+’>
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forc > 141, 0 < 2" < co. Figure 4.8 shows TCE in terms of Lorenz curve
for different values of parameters.

Bonferroni curve for the WBIII distribution is

C

B(x*;km+k+%l,1—1—+l>

B(GWB[[[<£L'>> = s (411)

Gwarr(r)B (k‘m +k+ 1T+l, 1— 17”)
for ¢ > I + 1, where Gyprr(z) is the weighted BIIT cdf. As opposed to
the Lorenz’s singularly convex curve, Bonferroni exhibits both convex and
concave properties which show inequality measures between percentage of
wealth (x-axis) and percentage of population (y-axis) in Figure 4.9.

TCE can be written in terms of Bonferroni curve by:

TCE(z) = u[l—B(G(:c))]

[

sB(km—Fk—l—lT“,l—l—“)

B(é—i—km—l—k,l—é)

B(§+km+k,1—§) .B<x*;km+k+17“,1—17+’>

* 1—

Y

B(x*;§+km+k,1—§> -B(km+k+17+l,1—17+l>
forc > 141, 0 < 2* < oo. Figure 4.10 shows TCE in terms of Bonferroni
curve for different values of parameters.

Zenga curve for the WBIII distribution is

. fox thBIH(t)dt . 1— GWBIU(x)
I 9w s (dt  Gwii (@)

_ L(Gwsii(2)) 1= Gwarir(x)
1- L(GWBHI(UC)) GWBHI(UC)

Alz) =

1
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Figure 4.7: Lorenz curve for different values of parameters.

70 . . T T T T T : T
=10 k=5 ¢=3 m=6 I=1
=8 k=2 c=4 m=5 |=2

&0 s=17 k=2 c=4 m=1 2 I
=20 k=0.10 ¢=5 m=0.7 =3

TCE()

0 | 1 T T T T
0 100 200 300 400 500 BOO 70O 800 900 1000

x

Figure 4.8: TCE in terms of Lorenz curve for different values of parameters.
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B x*;km-l—k—l—lTH,l—lT‘H

B(km+k+1jl,11jl>

4.7 Entropy

where L(GWB[H(.%’)) = s and GWB[[[(.CE) is the WBIII

cdf.

In this section, measure of variation of the uncertainty including Renyi and

e-entropies for the WBIII distribution are presented.

4.7.1 eEntropy

The e-entropy for the WBIII distribution, € # 1, € > 0, is given by:

1 & .
HE(gWBIII) = 1_/0 gWBm(x;c,k,s,l,m)dx}

1 /oo Cese(cfl)x. e(l—c— 1)(1 + (ZL'/S) km+k+1
1—
0

B< + km + k, 1——

B = [l—c~1]
e(c 1) ( ) 1 (km—l—k—i—l) :|
1 st

= 1—

0 csc(l—t)HiBﬁ( +km+k1-1

C

CelleB(ekarekJre(l Wy 1) 1

- 1—

Be(§+km+k,1—§)
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4.7.2 Renyi Entropy

Renyi entropy (Renyi (1961)) of a random variable is a measure of variation
of the uncertainty and it is a generalization of Shannon entropy (1948). Renyi

entropy for WBIII distribution is given by:
HR<gWBIII) = (1 _T)llog/ gTWB[]]<x; CJ k787l7m)dx
0

C

R T >1 (Tkm + 7k + @ + %’ S

1

[

)

= (1—-7)""oyg
BT(§+km+k;,1—g)

forT>0,7#1,¢c>1.

4.8 Fisher Information Matrix

Let X be an observable random variable that has a vector of unknown pa-
rameters with the WBIII pdf g, ,,,,(x;0), where © = (01, 62,05, 604,05)" =
(¢, k,s,1,m)T. If the density g,,,,,,(z; ©) has second derivative with respect
to © and under certain regularity conditions, then Fisher information matrix

(FIM) is the 5 x 5 symmetric matrix with elements that are given by:

(4.12)

1,(0) = —Eq {Wlog(gwm (z; @))]

00,00,
Recall the pdf for WBIII distribution with weight function w(z) =

' F™(x) is given by:

cselgl=e=1(1 4 (z/s)=¢)~km—h-1

B(§+km+k,1—§)

gWBIII(:L‘;C7 k, s, l7m> = , forc>1.

Y
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The logarithm of g, ..., (x; ¢, k,s,1,m) is

109(Gy g1 (T C Ky s, 1,m)) = log(c) + (¢ — Dlog(s) + (I — ¢ — 1)log(x)
— (Em+k+ 1log(1+ (x/s)7°)
— log[l'(l/e + kEm + k)] — log[I'(1 — I /c)]

+ log[l'(km + k)].

The first, second and mixed partial derivatives for log(g,, 5, (7)) with

respect to © are:

og(guypi, () 1 Cloala) — (b _sClog(3)
¢ = C+l09(5> log(z) — (k +k+1)(1+($/8)—c)
+ é¢(z/c+km+k)—éw(1—z/c),
P10g(Gwprs () _ =1 sialog Q) 2
o = Ry e )
— S et km k) + Bt~ o) + (- 1)),
alog(gg;m @) _ ()t et km k) b (kmet k1))~ (met Dlog (14 (z/5) ™),
azlog(gWBIII ('x))

o7E =(m+1)* 1 (I/c+km+k)—' (km+k+1)],



54

alog(gWBIII(x>) _ (C_ l) cs
Os s (14 (x/s)=°)’

82l09<gwslu (JI)) _ (C — l) —(km C(C — 1)56_2‘7:_0 _ 0252(6_1)‘7:_26
o @ DG W e )

(9log(gg?m(x)) = —log(s) + logx — %[w(l/c +Ekm+ k) + (1 —=1/c)],
82109(%5111(:”)) = _c_12WWC +km A+ k) +¢'(1 = 1/c)],

09wl _ _10(1 + (o s)) — bold/e-+ b +K) 4 ksl + & +-1),

*10g(9y 511, ()
om?2

= —k*'(l/c+km+ k) + k> (km + k + 1).

Note that 06;00; = 00,00, for mixed partial derivatives of log(g,, ,,, (%))

with respect to ©, so that

sca:_clog(i)

(1+(z/5)7)

0*log(9y pi1s () _ Um+1) B
ek =2 v(l/e+Ekm+Ek)— (m+1)

cstrClog(s) = csla¢log(x)

A+ /)2 (L (w)s)<)

2c—1 2c c—1,.—c
)

9?109(Gyy 511, (7))
0soc

%—(karkJrl){

Cah A S T

(T4 (x/s)=)? (14 (x/s)7¢)?
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82109(535];” (,r)) _ (m N 1) csc Ly

0?1 L, Ly
Og(g;vasczu(x)) — gw (l/C+ km + k) - g¢ (1 - Z/C),
82log(gWBIII(x)) — —<m —"_ 1)¢,(
Lok N c

0*109(9w p1rs (7)) _
0los
Plog(Gwpins (), swclog(3) Uk,
i __k(l—l—(:c/s)—c) —l—g?ﬂ (I/e+ km + k),

l/c+ Ekm+ k),

1
s’

anOQ(ai:zVaB/:I(I)) = —k(m+1)[¢)/(I/c+km+k) =’ (km+k+1)]—log(1+(z/s) ),

c—1,.—c

Olog(9wprns () _ sl
omos (14 (x/s)c)’

and

82log<gwmn (l’)) _ k /
e = ——y/(1fe+ km+ k).

The entries of FIM for the WBIII distribution are computed with the

assistance of the following expectations, denoted by Ei, Fs, F3, E4, Es, Eg,

E7 and Eg.

X—C
F, = F| ——
' <1+(X/8)_C)
1 el 12e —cy—km—k—2
— C C 1 C m d .
B(é—i—k‘m—f—k;l—é)/o ot 1+ (/)™ !

-1

1 c
Lett = (1+(z/s)™ )", 0 <t <1, then dz = ety = (]is:tt) :

1
eset2(1-t) e’
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Now,

%l[lfcfl}
l—t) tkarkfl(Sct)H-%

1 1 cse! < o
E1 == /
) Jo

B(t+km+k1-1

: dt
cs¢(1—t)!te

5_2CB(£ +km+k,2— %)

B(é-kk:m—f—k:,l—é)
Similarly,

S_2CB(£ +km+k,2 — %)

2, :E<(1+()§(_/;)—c)2> B B(é+km+k5+1,1—é),

and
Py s73%B (é +Ekm+k, 2 — é)
By E< ) - |
(1+ (X/s)7)7 B(£+k:m+k;+1 3—1>
Also,
X ~log(X) )
E, = B[22\
! <1 + (X/s)°
1

= c—l,.1—2c— —c\—km—k—
- B(é+km+k‘,1—£)/o cs“ a2 Hog(2) (1 + (2/5)7°) *dx.

—1

Let t = (1 + (x/s)™°)"H 0 <t < 1, then z = (1t> c, and log(x) =

st
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—Llog(1 — t) — log(s°) — log(t)]. Now,

—[l—c—1] )
. L CSC_l (%) tkm+k—1<sct)1+;
E =
! B(§+km+k,1—g)/o
x [log(t) + log(s®) — log(1 — t)]dt

S—Qc

1
— {/ (1= t) et thm =100 (4)dt
cB((l—:—kkzm—l—k,l—é) 0

cse(1 —t)ite

1 1
+ zog(SC)/ (1—t)1—iti+’fm+k—1dt—/ (1—t)l_iti+km+k_1log(1—t)dt}
0 0

_ e k2 ie) ot 1) 4o - iz 7]
cB(§+km+k;,1—§)

Similarly,

b = E((l +2<;l<0/gs(>Xc> )

S3CB<£ +km+k,3— é)

CB(ﬁ +km4 k1 — é) {W/H km + k) +log(s®) =y (3 = /) |,

and

o = E((l)i(éc?()X)))

52CB(§+km+k+1,2—g)

cB(é—l—km—l—k,l—é)

*

{w(l/c—i- km+k+ 1)+ log(s®) — (3 — l/c)].



o8

In addition,

E; = E <log(X))

1 T el e —c\—km—k—1
— C & l 1+ (& m d .
B(f—:—l—km—l—k,l—ﬁ)/o cs'x og(x)(1+ (x/s)™°) x

—1

Let t = (14 (z/s)7°) ', 0 <t <1, then z = (1_t> ) :

st

and log(z) = —1[log(1 — t) — log(s) — log(t)]. Now,

_Tl[l—c—l]
1t> tkm+k—1(8ct)1+%

E ! / o ( -
7 pr—
) Jo

B(t+km+k1-1
x  [log(t) + log(s®) — log(1 — t)]dt

1 1
— {/ (1= t) et thm =100 (4)dt
cB(f—:Jrkark:,l—é) 0

cse(1 —t)ite

+ zog(SC)/Ola — ) epethmikelgy /01(1 — )l e thmtE 1601 —t)dt}
_ % [wm 4 lem 4 k) + log(s°) — (2 — l/c)} |

Similarly,

Eg = E(log(l + (X/s)0)> = [w’(km +k+1)—9¢(/c+km+ k)] :

FIM for WBIII distribution, using F; to Eg is given by:

Tee Ike Ise Die Ime
Iy Ik Iae L Lok
I(c.k,s,lom) = | I, Ly Iy Ly Ins |-
Lo Ty Ia In I

_[cm Ikm Ism [lm [mm
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where
21
I. = = 2(km + k + 1)slog(s)Ey — 2(km + k + 1)s°Eg + 0—31/1(1/0 + km + k)
? 21 ?
+ gw (lJc+km+k)— C—3¢(1 —1/ec) — gw (1—-1/c),
Ly = —(m+ 1) (I/c+ km+ k) — ' (km + k + 1)],
_ _u _ V2 2.2(c—1)
I, = = (km+k+1)|c(c—1)s"Ey —c°s Es|,
1 !/ !/
In= W' {I/c+km+ k) + /(1 —1/c)],
Ly = K2 (/e + km + k) — K> (km + k + 1),
l 1
I, %w(l/c +km—+k)+ (m+ 1)s%log(s)E, — s°Ey,
ICS

——+ (km +k+ 1) CSc_llog(s)EQ + CSC_lEG _ SQC—lES N SC_1E2 ’
S

L= —%w(z/c +Emt k) + Cl—3¢'(1 ~1/e),

I, = kslog(s)Ey — s°Ey — %@D/(Z/C + km + k),
¢
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(m+1)

Lis=—(m+Des 'By, Iy = W'(l)c+km+ k),

i = k(m + D[ (I/c + km + k) + ¢/ (km + k + 1)] + Ej,

1
Isl = [sm = k05071E17
S

and

3
T =~/ (1 + km + k).

4.9 Maximum Likelihood Estimation

In this section, we obtain the maximum likelihood estimates (MLE) of the
parameters of the WBIII distribution. Let x1, 2o, ....., z,, be a random sample

from a WBIII distribution, then the likelihood function of WBIII is given by:

n

L(zy,z9,...;xn; ¢, k,s,l,m) = H(gWBm(a:; ¢, k,s,l,m))

=1

n csc_l:ﬂil_c_l(l 4 (ZL'i/S)_C)_km_k_l

1 B<é+km—|—k‘,1—£>

)

The log likelihood function

log(L(z1,xa, ..., xn; ¢, k, 8,1,m)) = L*(x1, 29, ..., Tp; ¢, ky S, 1,m)
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is given by:

n

L* (1, z9, ..., xn; ¢ ky s, l,m) = nln(e) +n(e—Din(s)+ (1 —c—1) Z In(z;)
— (km+k+1) i In(1+ (xi/s)”°)

— nln[l(l/c+ km + k)] — nin[T(1 —1/c)]

+ nin[l(km + k)].

The partial derivatives of L*(xy, za, ..., zn; ¢, k, 5,1, m) with respect to ¢, k, s,

{ and m are

%Lk* = e+ D (L k-4 K) +(km-+ kD] = (m+1) - In(14 2/ 5)™),
oL*  n(c—1) cx; Cs!
ds s (km+k+1)(1+(95z/5) ‘)’
o _ n + nin(s) — iln(m) — (km+k+1) i w
dc c — ' — (1+ (zi/s)°)
nl
+ Z—zl¢(l/c+ km + k) — m
OL* -
5 = —nln(s) + z:lnxZ — E[ (l/e+km+k)+4(1—1/c),
and
oL” k(lfc + km + k) + nk(km + &
- :—kZln (14 (xi/s)”¢) —nkyp(l/c + km + k) + nky(km + k + 1).

Equating 2 Wv aa%, aa%’ %, a—* all to zero, and solving them leads to

the MLE of the parameters ¢,k, s,1 and m, say ¢, kn,sn,ln, and my,. There
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is no closed form solution to these equations, so in this case a numerical
technique must be applied to obtain the solution.
The approximate 100(1 — «)% two-sided confidence intervals for ¢, k, s,

[ and m are given by: ¢+ Z%\/]C—Cl(@), k+ Z%\/Ik_kl((:)), s+ Z%\/]S—Sl(é),

T+ Za Ill’l(@) and 7 & Za -1 (©), respectively, where Zs is the (§)"
percentile of a standard normal distribution. Note that we can obtain the
FIM of the WBIII distribution with other weight functions. For example, by
setting k = 0, we get the FIM for WBIII distribution with weight function
w(r) =x".

We can use the likelihood ratio (LR) test to compare the fit of the
WRBIII distribution with its sub-models. Specifically, to test [ = m = 0, the
LR statistic is w = 2[In(c, %, /s\,lA, m) — In(é,k, 3,0,0)], where ¢, %, S, Il and M
are the unrestricted MLEs and ¢, k and § are the restricted estimates. The
LR statistic is asymptotically distributed under the null model as y,* and
rejects the null hypothesis if w > 42, where y4? denotes the upper 100d%

of the x? with 2 degrees of freedom.

4.10 Concluding Remarks

This chapter includes some computations, here are the main results for WBIII

distribution:
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e Hazard and reverse hazard functions are given by:

gWBIII (':E C k s? l’ m)

WBIII(xyca NCH 7m> GwBHI(ZL‘ c, kj)gJ)m)
¢~ l l —c— 1( +($/S)_c)_km_k_1
and
Twei (56K, 5,1,m) = G (T5 ¢k, 8,1,m)

GWBIII<I; c, ka S, l? m)
Cscflxlfcfl(l + (x/s)fc)fkmfkfl

B(x*;é—l—km—i—/ﬂ,l—é)

?

for ¢ > [, respectively.
e The i moment is given by:

c

E(X") = , fore>1.
B(é—kkzm—i—k,l—é)

s’B(km—l—k—i—%,l—i—“)

e Lorenz and Bonferroni curves are given by:

B(x*;km+k+17“,1—17“)

L(Gwgir (7)) = ,
B(km+k+17+l,1—17+l>

and

[

B(x*;km+k+17+’,1— 1—+l>
B(GWBHI(x)) =

Gwarr(z)B (kzm + k- ITH)

for ¢ > [ 4 1, respectively.



64

e Entropy

e-entropy is given by:

Cc C

1 < 1s' B (ekm + ek + @ +1e+ b _ l)
H( 1

€ gWBIII) -

¢l BE<§+km+k,1—é>

e #1,e>0, c>1 Renyientropy for WBIII distribution is given by:

[ TB(TICWH-T]{:—{- -l —|— r4 3= 1

c

HR(gWBIII) = (1_7_)_1log

BT<§+km+k,1—§)

fort>0,7#1,¢>1.

e Maximum Likelihood Estimation

%Lk* — (D) [ (1 ehmk) 4 (km-k-1)]—(m+1) S n(14+(2:/5)7),
=0
oL*  n(c—1) cr; s
ds s (km+k+1)(1+($z/3) <)’
OL* n - "Lz 0s0n( )
- = l — In(z;) — (k k+1 —
dc C—l—nn(s) ;n(x) (km + 5+ >;(1+(%‘/5)_c>
nl ?_zf
+ gw(l/ch km + k) — T —1/c)’
‘95 = —nin(s) + Zlnxz — Z[(l)e+km+ k) + (1 —1/c)],
and
oL*

o=k Z:: In(1+(x;/5)") —nky(l/c+ km~+k) +nk(km+k+1).

There is no closed form solution to these equations, so in this case a

numerical technique must be applied to obtain the solution.



CHAPTER 5
APPLICATIONS OF WEIGHTED BURR-TYPE III AND
RELATED DISTRIBUTIONS

5.1 Introduction

In this chapter, we present applications and examples involving the class
of weighted BurrlIIl distribution, which are flexible parametric models with
applications in reliability, actuarial science, economics, finance and telecom-

munications.

5.2 Applications

In this section, applications based on real data, as well as comparisons of
the WBIII distribution with its sub-models are given. The MLE of the
model parameters are computed by maximizing the objective function via
the subroutine NLMIXED in SAS. The estimated values of the parameters
(standard error in parenthesis), -2log-likelihood statistic, Akaike information
criterion (AIC = 2p — 2In(L)) and Bayesian information criterion (BIC =
pln(n)—2In(L)), where L = L(©) is the value of likelihood function evaluated
at the parameter estimates, p is the number of estimated parameters and n

is the number of observations are tabulated.

Recall the cdf and pdf for Burrlll distribution (BIII) are given by:

Fpr(x) = (14 (x/5)79) 7",
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and
forrr(z) = cks®e™ 7 (1 + (x/s) 7)Y,
for z > 0, and ¢, k, s > 0, respectively. The weighted Burr-IIT (WBIII) pdf
and cdf with weight function w(z) = 2! F™(z) are given by:
ese gt (1 o (/s) ) Fm—k-1

B<g+km+k,1—g>

gWBIII(I;C7 k’87l7m> = ,

B<x*;£+k‘m+k,1—é)
GWBIII(*I; c,k‘,s,l,m) = )

B(§+km+k,1—§>

B(z*;a,b)
B(a,b)

respectively, where z* = (1 + (z/s)¢)"!, and is an incomplete beta
function ratio.

The first data set is given in Table 5.3 with n = 51 observations is on
the strengths of 1.5 cm glass fibers. This data set was given in Smith and
Naylor (1987) and Cordeiro and Lemonte (2011). The data was obtained
from the National Physical Laboratory in England. The LR test statistic
of the hypothesis Hy : WBIII(c,k,1,0.5,0) vs H, : WBIII(c,k,s,0.5,0)
is w = 36.3, (p — value = 1.692 x 107?). We reject the null hypothesis
in favor of WBIII(c,k,s,0.5,0) distribution, see fitted densities in Figure
5.1. The second data set is uncensored data on breaking stress of carbon
fiber (GPa) with n = 66, (Nichols and Padgett (2006)) is given in the Ta-
ble 5.4. The LR test statistic of the hypothesis Hy : WBIII(c, k,1,0.5,0)

vs H, : WBIII(c, k,s,0.5,0) for this data set is w = 54.5, (p — value =
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1.55x 10713). We reject the null hypothesis in favor of WBIII(c, k,s,0.5,0).
The LR test statistic of the hypothesis Hy : WBIII(c,1,s,0,0) vs H, :
WBIII(c,k,s,0,0) is w = 13.4, (p — value = 2.516 x 107 < 0.001). We
reject the null hypothesis in favor of WBIII(c, k,s,0,0) distribution. Based
on LR statistic in Tables 5.1 and 5.2, there is no different between the first
five models, while the last model with s=1 is a poor fit. The values of
the statistics (AIC and BIC) are smaller for the WBIII(c,k,s,0,0) distri-
bution compared to WBIII(e,1,s,0,0) and WBIII(c,k,1,0.5,0) distribu-
tions. The model WBIII(c,1,s,0,0) is a better fit compared to the model
WBIII(c,k,1,0.5,0) based on the values of the statistic in Table 5.2, (see

fitted densities in Figure 5.2).

Parameters Statistic
Models c k s 1 m  -2InL AIC BIC
WBIII(c,k,s,0,0) 18.5157 0.2479 1.7013 0 0 20.6 26.6 32.4

(4.3019)  (0.07370)  (0.04599)

WBIII(c,k,s,1,1)  19.1232 0.09383 1.6955 11 204 264 32.2
(4.3590)  (0.03058)  (0.04591)

WBIII(c,k,5,1,0)  19.1232 0.1877 1.6955 10 204 264 322
(4.3125)  (0.06034)  (0.04572)

WBIII(c, k,5,0,1) 185157 0.1240 1.7013 0 1 206 26.6  32.4
(4.3048)  (0.03689)  (0.04600)

WBIII(c,k,5,0.5,0) 18.8165 0.2173 16984 05 0 205 265 32.3
(4.2892)  (0.06678)  (0.04591)

WBIII(c,k,1,0.5,0)  4.4626 2.6358 1 05 0 568 60.8  64.7

(0.3946)  (0.3860)

Table 5.1: MLEs of Weighted BIII and related distributions for glass fibers

data.



Parameters Statistic

Models c k s 1 m  -2InL AIC BIC

WBIII(c,k,s,0,0) 10.1895 0.2820 3.5112 0 0 169.9 175.9 182.4
(2.2044)  (0.08906)  (0.1865)

WBIII(c,k,s,1,1) 10.7878 0.08646 3.4753 1 1 169.8 175.8 182.3
(2.3171)  (0.03223)  (0.1888)

WBIII(c,k,s,1,0) 10.7878 0.1729 3.4753 1 0 169.8 175.8 182.3
(2.3789)  (0.06585)  (0.1914)

WBIII(c,k,s,0,1) 10.1895 0.1410 3.5112 0 1 169.9 175.9 182.4
(2.3004)  (0.04469)  (0.1869)

WBIII(c,k,s,0.5,0) 10.4824 0.2261 3.4927 05 0 169.8 175.8 182.4
(2.1479)  (0.07142)  (0.1817)

WBIII(c1,s,0,0) 4.8958 1 2.7109 0 0 183.3 187.3 191.7
(0.5137) (0.1161)

WBIII(c,k,1,0.5,0) 2.4884 5.0428 1 05 0 2243 228.3 232.7

(0.1521)  (0.4069)
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Table 5.2: MLEs of Weighted BIII and related distributions for carbon fiber

data (GPa).

Histogram of x
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)

Figure 5.1: Estimated densities of the models for glass fibers data.
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Figure 5.2: Estimated densities of the models for carbon fiber data (GPa).

055 0.74 077 081 0.84 093 1.04 111 1.13
124 125 127 1.28 129 1.30 136 1.39 1.42
148 148 149 149 150 1.50 151 1.52 1.53
154 155 155 158 159 160 161 161 1.61
161 162 162 163 164 166 166 1.66 1.67
1.68 1.68 1.69 200 201 224
Table 5.3: Glass fibers data

370 274 273 250 3.60 311 327 287 147
311 356 442 241 319 322 1.69 328 3.09
1.87 315 490 157 267 293 322 339 281
420 333 255 331 331 285 1.25 438 1.84
039 3.68 248 0.85 1.61 279 470 203 1.89
2.88 282 205 3.65 375 243 295 297 3.39
2.96 2.35 255 259 203 161 212 3.15 1.08
256 1.80 2.53

Table 5.4: Data set of breaking stress of carbon fiber data (GPa)
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5.3 Concluding Remarks

Applications and numerical examples on the estimation and fit of the WBIII
distribution to real data are used to illustrate the usefulness of the developed

model.

5.4 Future Research

In the future, we hope to study further generalizations of Burr-Type dis-
tributions and obtain parameter estimates from the Bayesian perspective.
McDonald generalizations of the weighted Burrlll and BurrXII distributions
will be considered, including income inequality and entropy measures for

these models.
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