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SELF-SIMILAR MEASURES ASSOCIATED TO IFS WITH
NON-UNIFORM CONTRACTION RATIOS*

SZE-MAN NGAIT AND YANG WANGH

Abstract. In this paper we study the absolute continuity of self-similar measures defined by iter-
ated function systems (IFS) whose contraction ratios are not uniform. We introduce a transversality
condition for a multi-parameter family of IF'S and study the absolute continuity of the corresponding
self-similar measures. Our study is a natural extension of the study of Bernoulli convolutions by
Solomyak, Peres, et al.

Key words. Iterated function system, self-similar measure, absolute continuity, transversality
condition

AMS subject classifications. Primary 26A46; Secondary 26A30, 28A78, 28 A80

1. Introduction. Let {S;}{_; be an iterated function system (IFS) of contractive
similitudes on R defined by

where 0 < p; < 1, b; € RY and R; is a d x d orthogonal matrix for each i. Let
F be the corresponding self-similar set (i.e. the attractor) and let dimp(F) denote
the Hausdorff dimension of F. For any set of probability weights {p;} such that
0 <p; <1 and 23:1 p; = 1, there corresponds a unique probability measure, known
as a self-similar measure, which is supported on F' and satisfies the following self-
stmilar identity:

q
(1.2) p=> pipoS;
=1

(see e.g. Hutchinson [H], Falconer [F]). It is well known that p is either singular or
absolutely continuous with respect to the d-dimensional Lebesgue measure (see e.g.
Dubins and Freedman [DF] or Peres et al. [PSS]). We are interested in conditions
that determine this dichotomy.

Let us recall that for the IFS in (1.1) the similarity dimension of F is defined
to be the unique real number « satisfying > 7 | p& = 1. It is easy to show (see [F,
Sections 9.2 and 9.3]) that the similarity dimension of F' is always greater than or
equal to its Hausdorff dimension. Consequently, if

q
(13) S <,
i=1

then the similarity dimension of F' will be less than d and hence dimy(F) < d. This
forces 41 to be singular. Therefore we only need to study the case > 7, pd > 1.
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228 S.-M. NGAI AND Y. WANG

The absolute continuity of self-similar measures with all similitudes having the
same contraction ratio, particularly in one dimension, has been investigated exten-
sively, most notably in [PS1], [PS2], [So], [PSc]. In a seminal work Solomyak [So]
proves that the infinite Bernoulli convolution, which is the self-similar measure given
by

1

Sile)=pz,  Sz)=pr+l, p=p=g
is absolutely continuous for almost all 1/2 < p < 1. The proof employs an important
concept called the transversality condition, first introduced in Pollicott and Simon
[PoS]. Subsequently more general results on absolute continuity of self-similar mea-
sures have been obtained in several studies (see [PS2], [PSc]), all of which employing
the transversality condition. The transversality condition has been used to study
other questions in fractal geometry (see e.g. [PSc| and [PSS)).

When the similitudes are allowed to have non-uniform contraction ratios little has
been known on the absolute continuity of the corresponding self-similar measures, even
for the simple IFS consisting of two maps

1

Si@)=piz,  S@)=pr+l, p=p=g

The main objective of this paper is to study the absolute continuity of self-similar

measures associated with such iterated function systems. A basic theorem we establish
is:

THEOREM 1.1. Let {S;}{_, be an IFS on R? given by Si(x) = piRix + b;, where
0<p; <1,b; € R? and R; is an orthogonal d x d matriz. Let ju be the corresponding
self-similar measure with probability weights p1,...,Dq.

(i)  Suppose that ]}, pﬁ”pi_dpi > 1. Then p is singular.

(ii)  Suppose that [T}, pfip;dpi =1 but p; # p? for some i. Then u is singular.

(iii)  Suppose that p; = p¢ for alli. Then p is absolutely continuous if and only if

the IFS {S;} satisfies the open set condition (OSC). In this case p = oL
where F is the attractor of the IFS, a = 1/LY(F) and L? is the Lebesgue

measure on RY.

We remark that part (i), the easier part of Theorem 1.1, is known. In fact Nicol
et al. [NSB] showed that the condition [[%_, p* p; " > 1 implies that the Hausdorff
dimension of u, denoted by dimpy(u), is strictly less than d. This forces p to be
singular. Recall that

dimy () := inf { dimg(E) : p(R4\ E) = 0}.

In §2 we give an elementary probabilistic proof of this result by using the Law of Large
Numbers. Such a probabilistic approach also enables us to obtain sharper results, as
in the proof of part (ii) in Theorem 1.1.

A well-known fact is that it is typically much harder to establish absolutely con-
tinuity than to prove singularity. In our case this fact is greatly exacerbated by the
non-uniformity of the contraction ratios. The standard definition of the transversality
condition needs to be modified into a more complex form, and is much harder to ver-
ify. Furthermore, we no longer have the powerful tool of convolution at our disposal.
(We will discuss this in more detail later on.)
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FI1G. 1. Regions of singularity and a.e. absolute continuity for the measure pp, po in Theorem
1.8. Condition (1.3) is satisfied on the left of the line po = 1 — p1. For (p1,p2) on the left of the
hyperbola p2 = 1/(4p1), Kpy,ps 8 singular (Theorem 1.1 (i)). On the hyperbola, Ly, p, is singular
ezcept when p1 = p2 = 1/2 (Theorem 1.1 (i3) and (iii)). The shaded region bounded by the hyperbola
and the “saw-tooth” curve is the known region of a.e. absolute continuity. The remaining region is
unknown and fp,,p, 15 conjectured to be absolutely continuous for L2-a.e. (p1,p2) in that region.

To establish absolute continuity we consider an IFS {S;}7_; in the one dimen-
sional case d = 1, where each S;(z) = p;xz + b;. Fix b1,bs,..., by and a set of prob-
ability weights p1,...,py > 0 with >-7 | p; = 1. For the corresponding self-similar
measure to be absolutely continuous the contraction ratios p1, ..., p; must lie in the
region [[{_, p? p; " < 1. The transversality condition for a one-parameter family of
similitudes can be generalized to a multi-parameter family of similitudes. We shall
define it in details in §3. Using the transversality condition we establish the following

generalization of a result in [PS2]:

THEOREM 1.2. Let {Si(z) = pi(N)z + bi(A)}_, be a C? family of IFS on R
with parameters X = (A1, ..., A\m). Fiz a set of probability weights p1,...,pq > 0 with
>l pi =1 and let px be the corresponding self-similar measure. Suppose that 2 is
an open subset of the region {X : T, (pi/pi(X))P? < 1} such that for X € Q the
IFS {S;} satisfies the transversality condition. Then p is absolutely continuous for
Lebesgue almost all A € Q.

The transversality condition for a one-parameter family of IFS is already difficult
to verify, and for a multi-parameter family it is even harder. We consider the special
case of ¢ = 2 with equal probability weights.

THEOREM 1.3. Let jip, .0, be the self-similar measure corresponding to the IFS
{51,592} on R with

1

Si@) =pz,  S@)=pr+l, p=pr=o

Then pp, p, is absolutely continuous for Lebesque almost all (p1,p2) in the region
p1p2 > 1/4 and 0 < p1, pa < 0.6491.
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The actual region of absolute continuity we have established is shown in Figure 1,
and is substantially larger than the region stated in Theorem 1.3. Details about the
absolute continuity of u,, ,, are in §4. We conjecture that for almost all (p1, p2) in
the region pips > 1/4 the measure p,, ,, is absolutely continuous. But the proof of
this conjecture would perhaps require radically new ideas, in particular for the area
where one of the parameters is very close to 1.

2. Proof of Theorem 1.1. We first introduce the following standard notation.
Let 3y = {1,2,...,q} be the set of letters, and let X7 be the set of words of length n
in ¥,. We use ¥ and E§ to denote the set of all finite words in 3, and the set of all
one-sided sequences in ¥, respectively. For each j = (j1,...,Jn) € Xy let |j|; denote
the number of letters 7 in j, and let |j| = n be the length of j. Furthermore, define

Di=DjPins  P5= P Pis S5 =S5j000-08;,.
Tterating equation (1.2) n times we get
—1
(2.1) p=y pipos
Jjexy

Proof of Theorem 1.1 (i). This part is known (see [NSB]). We include a
different proof here for self-containment. Let £ denote the Lebesgue measure on R?.
We will construct a sequence of Borel sets { ), } such that liminf,,_. pu(F,) > C > 0,
where C' is some constant independent of n and lim,, .o, £L4(F,,) = 0. This shows that
w is singular.

Let F be the attractor of the IFS {S;}7_,. F is the support of the self-similar

measure . Since [[L_, p?p; ~Pi - 1 there exists an e > 0 sufficiently small such that

q
[Iprtep @ =b>1,

For each n > 0 define
Kni= i€ (pi—en < il < (i + ), 1< i <n}

and let F, := Ui, S5(F). Observe that I, # 0 for all suﬁiciently large n. Moreover,

for each j € Ky, we have S;° Y(F,) D F, and hence n(Sy Y(F,)) =1. By (2.1),

(Fn) = Y (S H(FD)) = > by

JeEKn JEK

The standard Law of Large Numbers (see e.g. Shiryaev [Sh], Ch. I, §5) yields p(F,,) —
1 as n—oo. Now on the other hand,

LYF) < >0 LUS; () = Y pfe(F

JEKH JeKn

But

q

Z PJ Z PJPJ pJ Z P (H pd(Pﬁs)n —(pi+e) ) Z pib" < b

JEK, JEK, JeK, i=1 Jjex,
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Hence L4(F,) — 0 as n—o0o. Thus, y is singular. 0

The proof of part (ii) of Theorem 1.1 is more involved. The Law of Large Numbers
is no longer sufficient. We need more refined estimates. This is done through the use
of the vector form Central Limit Theorem.

Proof of Theorem 1.1 (ii) and (iii). First we prove (iii). Suppose that p; = p¢
for all 2. Then the similarity dimension of the IFS {S;} is exactly d. Hence the support
of the corresponding self-similar measure p has positive Lebesgue measure if and only
if {,S;} satisfies the open set condition (OSC) (see Schief [Sc]). In particular {S;} must
satisfy the OSC if u is absolutely continuous. Conversely if {S;} satisfies the OSC
then y = a L% p, where F is the attractor of the IFS and a = 1/L£%(F), obviously
satisfies (1.2) and is absolutely continuous.

We now prove (ii). We again construct a sequence of sets F,, such that u(F,) >
¢ > 0 for all n where c is independent of n and £4(F,) — 0. This will prove that p is
singular.

For any nonempty A, C ¥ we define

Qa, = | Si(F).
jeA,

Then
(2.2) LYQa,) < Y LYS;(F) = LUF) Y o

jeA, jeA,
Observe that Sj_l(QAn) D F, so ,u(Sj_l(QAn)) = 1forall j € A,. It follows from
(2.1) that
(2.3) w(Qa,) = > pinlS;HQa) = > by

jesr JEA,
Our objective is to find a sequence {A,} in X} and some g > 0 such that
(2.4) lim Z pji =0 and lim sup Z pj > €0 > 0.

T e, T jea,

Together with (2.2) and (2.3), this will force p to be singular.

Now, write p;-i = p;ic;. Since []7_, " = 1 and not all p; = p;-i, there must exist

some ¢; < 1 and some ¢; > 1. Without loss of generality we assume that
cly.o 6 <1, crg1,...,¢cg 2> 1

For positive integers n sufficiently large define
A, = {J e Xy il >pin+vn, |jli > pnfor 2 <i<r, |jli <pinforr <i< q}.

Note that A, # 0 for all n sufficiently large. Moreover,
d j j
Do A= 2 mie = Y el
jeA, jeAn JjEAn

It follows from the definition of A,, that

d p1nty/n _pan pqn _ n P1 P2 pa\" _ V7 v
E Py < E Dic G G =6 E bi\c1 " - Cq =G E Pyl
jeA’Vl jeA’Vl jeA’Vl jeA’Vl
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Hence ZjeAn pjfi — 0 as n — o0o. To complete the proof of (2.4) we only need to prove
that imsup,, o Y jc4, Pj = €o for some g > 0.

LEMMA 2.1. There exists an 9 > 0 such that for sufficiently large n,

Z Dj 2 €o-

JEAn

Proof. We use the vector form Central Limit Theorem in probability theory to
prove the lemma. Consider the random vector

X =e; with probability p;,

where e; is the standard coordinate vector in R?. Independently generate n such
random vectors Xq,...,X,. Let Y,, = Xy +---+ X,,. Then

Z Dj :Prob{Yn1 > pin + Vn, Y,f >pinfor2<i<r, Yni §pinforr<i§q},
JEAR

where [Y,!

nye.

YT =Y,. Let

T
7. — Y, - E(Y,) _ Y, —n[p1,...,Dpq _. [Z,ll,...,ZZ]T.

Vn LD
Let U be the subset of R? defined by

U={(z1,....,2q) s ;1 >1,29,...,20 >0, Try1,...,24 < 0}
Then
(2.5) 3 pi= Prob{Zn e U}.
jeEAn

Observe that Z, = [Z},..., Z4]T lies on the hyperplane z1 + --- + 2, = 0 in R%. So
we consider the reduced random vector Z = [Z},... Z4=1]T. Under this setting,

Z1<0 & Zy+---+2Z171>0.
Define U* C R9™! by
qg—1
U* .= {(xl,...,xq_l) cxr >l @, >0, Tpsa, ..., g1 <0, Zxk > O}.
k=1
Hence we may rewrite (2.5) as
> py=Prob{z; e U},
jeAn

Now, by the Central Limit Theorem (see Theorem 29.5 in Billingsley [B]),

Z, — Z weakly,
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where Z has normal distribution centered at the origin whose covariance matrix A =
(0i5) satisfies

) . 2 ifg =3

Ui‘:E(XZ—iXJ— -)—{pl Pin D=

J ( p )( pJ) —pipj, if i £ 7,
where 1 <i,j <g—1and X = [X},..., X97T. Since p, > 0, it is easy to see that A
is diagonally dominant. So A is nonsingular. Hence (see p. 384 of [B]) Z has density

- 1
fz(x) = (2#)% | det A|7% exp ( - ExTAflx), x € R,
This means that

lim Prob{z;; e U*} = | fa(x)dx.
U*

n—oo

The set U* obviously has positive Lebesgue measure in R97L. Therefore
Jire fz(x) dx > 0. Thus for sufficiently large n we have

1
ij:Prob{ZflEU*} >3 fz(x)dx =:¢9 > 0,
j€An ur

proving the lemma. [0
By proving this lemma we have now completed the proof of Theorem 1.1 (ii). O

3. Transversality condition and a.e. absolute continuity. We consider an
IFS {S;}!_, on R where S;(x) = p;z+b;, in which p; = p;(A1,..., \p) with 0 < p; <1
and b; = b;j(A1,...,\) depend on the real parameters Aj,..., \,,. We call the TFS
{S;} an m-parameter family of IFS, and throughout the paper we will assume that all
pi and b; are C? functions of A = (A1,...,A\p). A subset of R™ is called a region if it
is the union of an open connected set with some, none, or all its boundary points.

DEFINITION 3.1. An m-parameter family {S;}{_, of IFS satisfies the transver-
sality condition for X € Q, where Q is a region in R™, if for any i,j € EI;I with
i(1) # j(1) we have

(3.1) [IV(S;(0) — S5(0))]| >0 whenever S;(0) — S;(0) =0,

where V denotes the gradient with respect to the parameters X.

Observe that Sj(z) = S;(0) for any = and j € . Hence we shall adopt the
notation Sj := Sj[A] = Sj[A1, ..., An] for Sj(z) = S;(0). Furthermore, write Fj () :=
Si[A] — Sj[A]. Then (3.1) becomes

IVFij(A)|| >0 whenever Fjj;(A)=0.

LEMMA 3.1. Let f(X) be C? on a region Q C R™ and X* € Q such that B.(A\*) C
Q. Let f(A*) =0 and |[Vf(A")|| > e > 0. Suppose that all second partial derivatives

of [ satisfy |%af>\j()‘)| < M on Q. Then there exists a § = §(e,M,r) > 0 and a
Co = Co(e, M,r) > 0 such that for all t > 0,

cm({,\ € QN Bs(A*): |f(N)] < t}) < Cot.
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Proof. Since ||V f(A")|| > ¢ > 0 we may without loss of generality assume that
2L\ = e//m. Write A" = [Af,..., A5,] and define g : © — R™ by

g()‘) = [f()‘)v/\Z - )‘37 < '7)\m - )‘:n]T

The derivative Dg(A) := [0g;/0);] is upper triangular with | det Dg(A")| > ¢/y/m >
0. Now all second partial derivatives of f are bounded by M. The Mean Value
Theorem applied to Jf /OA; restricted to the line segment from A* to A implies that

o O

_ 2L < 2K
SN = S S MIA- N

for A € B.(X"). Let 6o = min{r,e/(2M+/m)}. Then |§—Afl()\)| > ¢/(2y/m) for all
A € Bs,(A"). Hence |det Dg(X)| > ¢/(2v/m) on Bs,(A").
Note that Dg(\) satisfies the Lipschitz condition

[Dg(A1) — Dg(A2)[| < Cf[A1 — A2

for some C' = C(M) following again from the Mean Value Theorem. The norm on the
left side of the inequality is the Euclidean norm on R™ . Now [Dg]~!(A) is bounded
on Bs,(A") because Dg is bounded and |det Dg(A)| > ¢/(24/m). It follows from the
Inverse Function Theorem (cf. [HH]) that there exists a § = d(g, M,r) > 0, § < o,
such that g : Bs(A*) — R™ is invertible. Clearly

S:=g(Bs(A") C{yeR™: |y;| <dfor2<i<m}=:35.

Hence

£ (xe B Ir <) = [ |det D~ (y)| dy

{y€S: |y1|<t}

2
S / N \/m dy S COt7
{y€S: |y|<t} €

where Cp := 2(26)™ !, using the fact that Dg=*(g(X\)) = [Dg]~(A\). Observe that
all the constants in the proof ultimately depend only on &, M and r. This completes
the proof. O

LEMMA 3.2. Suppose an m-parameter family of IFS {S;(z) = pi(AN)z+b;(A)}_;
on R is C? for X in an open set U C R™. Suppose further that the IFS satisfies the
transversality condition on a compact region @ C U. Then there exists a constant

C > 0 such that F; 3(X) = Si[A] — Sj[A] satisfies
(3.2) L’”({A € RN < t}) <t

Jor alli, j € XY with i(1) # j(1) and all t > 0.

Proof. The class of all functions Fj;(A) with i(1) # j(1) is compact in the space
of continuous functions on 2 with the supremum norm. Hence there exists an ¢ > 0
such that ||VF;;(N)|| > € whenever Fjj(A) = 0. The compactness of § implies that
there exists an r > 0 such that

Q" :i={AeR™: dist(A\,Q) <r} CU.
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Since Q" is compact, there exists a p* € (0,1) such that p;(X) < p* for all ¢ and
A € Q7. Observe that all first and second partial derivatives of b;(A) are bounded
on Q7. Thus it follows from the geometric rate of convergence of all S;[A] that there
exists a constant M > 0 such that all second partial derivatives of Fj j(A) are bounded
by M on Q" for all i, j € E?.

For each A € Q we have B, (X) C Q". Let § = d(e, M,r) be as in Lemma 3.1.
Consider a partition of R™ into cubes of size §/(2y/m). For each cube that intersects
the set Z;; := {A € Q: Fj;j(A) = 0} we pick a point in Z;; within that cube. Let
these points be Aq,..., A,. Clearly Bs(\;) contains the entire cube in which A; lies.
Hence R;j := U], Bs(A;) contains Z;j. Therefore |Fj;(A)] > 0 on Q\ R;j. The
compactness of Q \ R;; and the compactness of the class of functions Fj;(A) with
i(1) # j(1) imply that there exists a ¢y > 0 such that |Fj;(X)| > to on Q\ R;; for all
i, j e X with i(1) # j(1).

To prove (3.2) for all ¢ > 0 it suffices to prove it for 0 < ¢ < to. Since |Fj;(A)] <t
implies A € R;; = Ui, Bs(A;), we have

{AeQ: |F; N <t}= O{)\ € QN Bs(A;) = |Fij(N)] <t}
i=1

It follows from Lemma 3.1 that

cm ({A €Q: R (N < t}) < nCot,

where Cy = Cy(e,M,r) is as in Lemma 3.1. Now the compactness of 2 means
there can be at most ng := [(diam(2) - 24/m/d)™ | cubes intersecting Z; j, where ||
denotes the smallest integer greater than or equal to . Hence n < ng. This proves
the lemma. 0

THEOREM 3.3. Let {S;(z) = pi(N)x + b;(A)}_, be an m-parameter family of
IFS on R satisfying the transversality condition on an open set . For a fized set
of probability weights p1,...,pq > 0 let ux be the corresponding self-similar measure.
Suppose that for some 0 < a < 1 we have

SHER

for all X € Q. Then px is absolutely continuous with its density function duy/dx €
LYT(R) for L™-a.e. X € Q.

Proof. We prove py is absolutely continuous for £™-a.e. A € Bs(A) for any
Ao € 2 and sufficiently small § > 0. This would imply the theorem.

Pick an arbitrary Ag € Q and a sufficiently small 6 > 0 so that R := Bs(X\o) C Q.
From (3.3) we have

(3.4) épi(p—i>a <1,

Pi

where pf = minxer pi(A). We now prove that py is absolutely continuous for £™-a.e.
AER.
For any probability measure pu on R the lower derivative of u at x is defined as

D(u,a) = tim M5,

r—0+ r
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It is known that p is absolutely continuous if and only if D(u,x) < oo for p-a.e.
x € R (see Mattila [M], Ch. 2). In this case D(u,z) = du/dx is the density of p.
Furthermore dp/dx € L'**(R) if [, D(p, 2)* dp(x) < oo.

So to prove the theorem it suffices to prove

(3.5) K, ::/ /Q(uk,x)o‘ dux(z) dX < oo.
RJR
It follows from Fatou’s Lemma that
(3.6) K, < lim —/ /MA )" dpa(z) .
T*>0+T

Now let v be the product measure on Ell? with weights pq,...,p,. Let IIy : Ell? — R
be given by IIx(i) = Si[A]. Then px = v oII,', and a change of variables in (3.6)
yields

(3.7) o < lim —/ /,:N N J)))adu(j) d.

r—o+ T

Observe that uy =vo H;l implies

(B () = v o 13 (B, (1 (1))
=v({iesy: 1S - Sl <)

=/ XGest: [Fy|<rt v (),
SN

q

where the last two equalities follow from IIy (i) = Si[A] and Fjj(A) = Si[A] — S;[A].
Substituting the above into (3.7) and changing the order of integration lead to

K < lim —/ /(/ X{JEEN |F,J(A)\<r}dy( )> dAdV(i)
r—o+ T =N =N

Applying Jensen’s inequality and again changing the order of integration, we get

C «
Ko < lim —/ (/ / X{Ges: Ry <ry A (] )d)\) dv(i)
oo+ T =N =N

(3.8) T /Z (/E LMNER: [Fy(\)] < r}du(j))a dv(i)

r—0+ re

where O = L™(R)'~% is a constant.
Let o denote the standard shift operator on E§ . For any i€ E§ let

Aps = {jezg’: i(k) = j(k) for all 1 <k <, i(n+1) #j (n—l—l)}

For any j € A, ; we have Fjj(A) = pi, (A)Fonionj(X) where i, = (i1,12,...,45) is the
word consisting of the first n letters of i. Hence by Lemma 3.2,
L™NeR: [FiN)| <r}=L"{AeR: pi, (A)|Fonionj(A)] <1}
<LMAER: |Fpions(N] < (],) 7} < Clof,) 17
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for some constant C. Now (3.8) gives
Ko< im & <Z/ MAER: R <) ivlD)) o)
ZN

(2 [(E [ cwrren) oo
~cer [, (i@a)-lumn,i))a av(i)

n=0
o

<Co /E N(Z(p;;)*“v(An,i)“) du (i),

g n=0
where the last inequality holds because 0 < a < 1. It is standard to verify that

AR —(;pz(“) )"

Z

Hence by (3.4),

Kosea 3 (Sn(2)) <

k=0 i=1

This proves (3.5) and completes the proof of the theorem. O

Proof of Theorem 1.2. For each 0 < a < 1 define

Qa:{AeQ: i}pi(ﬁ)a<l}.

By Theorem 3.3 uy is absolutely continuous for £™-a.e. A € . We claim that any
A € Q must also be in Q, for all sufficiently small & > 0. To prove this claim it
suffices to prove that each A € Q) has

q

Zpi( Pi ) <1 for sufficiently small a > 0.
= \pi(A)

The Taylor expansion yields a® = 1 + In(a)a + o(a). Hence
! p’L @ 1 p’L q pz
2 (Gig) = Xm(tam(G) +ote) = 1o 3 nm (TG
q
_ Di
—1l+a ;m(pio\)

for sufficiently small a > 0, following from the assumption that ¢ In(p;/pi(X))P" <
0.

) + o()

)pi +o(a) <1

Now choose a sequence {a;,} such that o, — 0%. Then it follows that Q =
U,, Q2a,, . Hence p is absolutely continuous for £L™-a.e. X € §, proving the theorem. O
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REMARK. So far in this section we have considered the transversality condition
only for IFS on R. However, the transversality condition can also be defined for IFS
on R Let {S;(z)}__, be a C? m-parameter family of IFS on R? defined as

Si(z) = pi(AN) Ri(A)x + bi(A),

where 0 < p;(A) < 1, R;(\) is an orthogonal matrix and b;(A) € R%. We say that
{S;} satisfies the transversality condition for A € ), where ! C R™ is a region, if for
any i, j € X} with i(1) # j(1) the derivative matrix

0

< (SIA = SN

has full rank whenever S;[A] = Sj[A]. All results in this section then generalize to R.

4. TFS with two similitudes on R. In this section we consider the IFS on R
consisting of the two contractions

(4.1) Si(x) = prz,  Sa(x) = paxr+ 1,

where 0 < p1,p2 < 1. We study the absolute continuity of the self-similar measure
corresponding to probability weights p; = p, po =1 —p and 0 < p < 1. By Theorem
1.1 the measure is singular for p?p3 ? < pP(1 — p)'~P with the exception of p; = p
and py =1 — p. So we consider the case pPpy ? > pP(1 — p)'~2.

As in [So] and [PS1], we prove absolute continuity of the self-similar measure by
establishing the transversality condition. For any i € {1,2}" we have

(4.2) Si(x) = S;(0) = Zei(n+1)pin = Z ei(n+l)p\11n|1p|21n‘27
n=0 n=0

where pi, := 1, i, = (i(1),...,i(n)) € {1,2}"™ denotes the word of the first n letters of
i, and |jl1 (respectively, |j|2) for a given j € {1,2}* denotes the number of letters ‘1’
(respectively, ‘2°) in j, with ¢; = 0 and e = 1. It seems rather hard to establish the
transversality condition directly by using the parameters (p1, p2). Instead we perform
the following change of variables

P1 = CL)\, P2 = Av

where 0 < a, A < 1. In fact we shall simplify it further by fixing @ and considering
the transversality condition with respect to the single parameter A.
With the new parameters (4.2) becomes

o0

(43) SI(O) = Si[/\7 a] = Z Ei(nJrl)(l‘i"‘l/\n.

n=0

As before let Fj ;(A, a) = Si[A, a] — Sj[A, a]. For a fixed a denote

Fo o= {f(/\) =Fij(\a): i(1) =2, (1) = 1}-

We employ the technique of finding ()-functions in [So] and [PS1]. However, as it
turns out for a fixed a no single (x)-function leads to good results. Instead, we need
to use more than one of them.



SELF-SIMILAR MEASURES 239

DEFINITION 4.1. Let G C F, for some 0 < a < 1. Let h(X\) be of the form

—1—201)\1—1— Z N,

1=k+1

where all ¢; > 0 are bounded and c; > € for some € > 0 for sufficiently large i. Then
h(\) is called a (x)-function for G if for any given g(\) € G we have

/\):zn:bi/\i— i b\
1=1 1=n+1

for somen >1 and all b; > 0.

LEMMA 4.1. Let h(\) be a (x)-function for some G C F, such that for some
Ao € (0,1) we have

(4.4) h(Xo) =6, Rh(X) < -6

for some § > 0. Then for any € € (0, Ag) there exists some 6 = 0(g) > 0 such that for
all g € G and X € [, Mol,

g (\) < =6 whenever g(\) < 4.

Consequently all g(\) € G satisfy the transversality condition on [0, Ao].

Proof. This lemma is essentially proved in [PS1]; only minor modifications are
needed since in our case the coefficient ¢; of h(\) can be 0, leading to h'(0) = 0.
But this minor inconvenience can easily be fixed by considering the interval [e, Ag] for
some sufficiently small € > 0. The proof in [PS1] then carries over. O

We next partition F, so that good (*)-functions satisfying (4.4) can be found for
each part of the partition. For n > 1 let

G = {Fiyj(/\,a) €Fa: ik)=2for1<k< n} Mo = Fu\ Gn.a-

LEMMA 4.2. Any hi(\) of the form

k—1 00
(4.5) hi(\) =1- Z aX AP+ Z a\’,
i=1 i=k+1

where ¢ € R and k > n — 1 is a (x)-function for Hyp for all b with 0 < b < a.

Proof. Let g(A) = Fi;(\,b) € Hyp. Then i(1) =2, j(1) = 1 and i(l) = 1 for some
| < n. Hence

SiAb =Y eigmpnb AT =114 > ap A
m=0 m=1

such that a,, < b < a for all m > n, where ¢ = 0 and e; = 1. Furthermore, since
j(1) = 1 we know that Sj[X, b] has the form

(o9}

SiA b = €mnbHrliam = Z an A"

m=0
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such that a], < b < a for all m > 1. Thus g(\) = Fjj(\, b) satisfies

P e’}
g =h(N) = D oA = > b,
m=1

m=p+1
where b,, >0andp=k—1lorp==k. 0O
LEMMA 4.3. Any ha(\) of the form

n+k—1 [e%)
(4.6) ha(N) =1— Y N4+ Y= N,

i=n+k+1
where ¢ € R and k > 1 is a (x)-function for G, for all b with 0 < b < 1.

Proof. Let g(A) = F;;(A\,0) € Gpp. Then i(j) =2 for all 1 < j <nand j(1) =1.
Hence

n—1 oo
SiAB =14+ D> A+ b,
i=1 i=n

where b; < 1 for ¢ > n. Since the coefficients of Sj[\, b] cannot exceed 1, the first n
coefficients of g(\) are nonnegative. It is now easy to see that

p o]
gA) —ha(N) =D N = > N
i=1 i=pt1

with all ¢; > 0, wherep=n+k—1lorp=n+k. O

Let ftp, p, be the self-similar measure corresponding to the IFS (4.1) with proba-
bility weights p1 =p, p2 =1—p and 0 < p < 1. Define

0, = {(m,pz) L Py P> pP(L—p) P, 0 < p1,pa < 1}-
For any pair of reals Ag,a € (0,1) let K, o be the two triangles

Ko = {(Phpz) 1 0<p1 < Ao, % < a} U {(01,02) 1 0 < p2 < Ao, % < a}-
1 2

THEOREM 4.4. Letn > 1 and 0 < a < 1. Suppose that there exist h1(\) and
ha(N) of the form (4.5) and (4.6), respectively, such that

)

for some Ao € (0,1) and § > 0. Then p,, p, is absolutely continuous for L*-a.e.
(p1,p2) € Kng,a N €Y.

Proof. Denote the two triangles of Ky, , by T1 and Tz, respectively. Since hj(X)
is a (x)-function for H,p for all 0 < b < a, it follows from Lemma 4.1 that the
transversality condition is satisfied for functions in H,, ; for A € [0, Ag]. The existence
of ha () yields the transversality condition for functions in G, ; for A € [0, A¢]. There-
fore for each fixed b with 0 < b < a the IFS (4.1) parametrized by p; = b and ps = A
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satisfies the transversality condition for A € [0, Ao]. Hence p,, p, as a one-parameter
family with parameter )\ is absolutely continuous for £'-a.e. A € [0, \o], provided
that (b, A) € ﬁp. Therefore as a two-parameter family with parameters (A, b) the
measure fi,, ,, is absolutely continuous for £%-a.e. (A\,b) € [0, ] x (0,a], provided
that (p1, p2) € ﬁp. This region is (AZp NTo.

To prove the a.e. absolute continuity of 1,, ,, for (p1,p2) € (AZp N T}, we consider
the self-similar measure ji,, ,, associated to the IFS {S;,Ss} where

Si(x) =prx+1, Sax) = pox
with the same probability weights p;1 = p and ps = 1 — p. Note that

Si=v¢toS 01, Sy=1v"oSyo1,

—1 ~ _
where Y(z) = P—x + ﬁ. It follows that tip, p, = fip,,p, © 1. Henceflplip2
is absolutely continuous if and only if fi,, 5, is. But by symmetry the IFS {S, S}

satisfies the transversality condition on T%. So fi,, ,,, and hence p,, p,, is absolutely

continuous for a.e. (p1,p2) € ﬁp NTi;. 0O

Theorem 4.4 allows us to establish a region of a.e. absolute continuity by looking
for suitable (x)-functions. A quick search using Mathematica yields several pairs
(Mo, a) and their corresponding (*)-functions, given in Tables I and II.

COROLLARY 4.5. Let A be the set of pairs (Ao,a) in Table I. Then the self-
similar measure fipy, ,, with probability weights py = pa = % is absolutely continuous
for L2-a.e. (p1,p2) in the region

~ ~ 1
an U Kxg.a, where Q::{(pl,pg) D opLp2 > Z,O<p1,p2<1}.
(Ao,a)EA

The above region of a.e. absolute continuity is shown in the shaded region in
Figure 1. It is clearly bigger than the region stated in Theorem 1.3. In the case of
Bernoulli convolutions (see [So] and [PS1]), the random variable S;(0) = Si[A,a] =
> ei(n“)a‘i"'l A" in (4.3) with @ = 1 can be decomposed into a sum of two indepen-
dent variables. The techniques of “thinning” and convolution can then be employed.
In the case a < 1, a similar decomposition leads to a sum of two dependent random
variables. It is thus not clear how such powerful techniques can be applied.

While Tables I and IT are sufficient for the case p = %, it is not for all 0 < p < 1.
Our next two tables extend the values of a in Tables I and II to the interval (0,0.4).
The corresponding (x)-functions are listed in Tables III and IV.

Note from the tables that the transversality condition holds on [0, Ag], where A is
given by Tables I and IIT whenever a > 0.100, while it is given by Table IV whenever
a < 0.100. We then have:

THEOREM 4.6. Let A be the set of pairs (Ao,a) given by Tables I and III if
a > 0.100, or given by Table IV if a < 0.100. Then the self-similar measure fip, p,
defined by the IFS (4.1) with probability weights py =p andpa =1—p, 0 <p <1, is
absolutely continuous for L?-a.e. (p1,p2) in the region

ﬁp N U Kyya-
()\(),a)EA
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Table I. (x)-functions hi(z)

a Ao hi(z)
1.000 | 0.6491 | 1—3% 2% +0.0875302* + 2°/(1 — x)
0.975 | 0.6542 | 1 —aX? 2" —0.0532242" + az®/(1 — z
0.950 | 0.6594 | 1—aY? 2" —0.1895722" + az®/(1 — x
0.925 | 0.6646 | 1 —a>>% | 2 —0.3215422" + az® /(1 — x
0.900 | 0.6698 | 1—aY? | 2’ —0.449199z* + az®/(1 — x
0.875 | 0.6750 | 1 —a Y% | 2" —0.5725642" 4+ az®/(1 — x
0.850 | 0.6802 | 1 —aX? | 2" —0.691689z" + az®/(1 —
0.825 | 0.6854 | 1—aY? | 2’ — 0.806586z" + az®/(1 — x
0.800 | 0.6918 | 1 —aX | 2" +0.6303262° 4+ az®/(1 — x
0.775 | 0.6983 | 1 —a Y% | o' +0.4181182° + az®/(1 —
0.750 | 0.7049 | 1 —a X" 2" +0.2149752° + az®/(1 — x
0.725 | 0.7114 | 1 —a 3t | 2" +0.0206722° + az®/(1 — x
0.700 | 0.7178 | 1 —a ¥+ 2" — 0.1650012° + az®/(1 — x
0.675 | 0.7243 | 1 —a Y | 2" —0.3422342° + az®/(1 — x
0.650 | 0.7307 | 1 —a Yt 2" —0.5112032° 4+ az®/(1 — x
0.625 | 0.7372 | 1 —a Y F | 2" — 0.6720422° + az®/(1 — x
0.600 | 0.7451 | 1—aY > | 2" +0.2978862° 4+ az” /(1 — x
0.575 | 0.7527 | 1 —a Y0, 2 + 0.0495012° + az” /(1 — z
0.550 | 0.7602 | 1 —a¥> | 2’ —0.1845022° 4+ az” /(1 — x
0.525 | 0.7677 | 1 —aY ), 2" — 0.4046142° + az” /(1 — z
0.500 | 0.7750 | 1—a¥? | 2" —0.6112442° + az” /(1 — x
0.475 | 0.7824 | 1—a¥> | 2" —0.8047642° + az” /(1 — x
0.450 | 0.7896 | 1 — a0, ' — 0.9854592° + az” /(1 — z
0.425 | 0.8006 | 1 —aX? | 2" —0.487063z7 + az®/(1 —
0.400 | 0.8101 | 1 —ad>/_, z' —0.0044982° + az®/(1 —
Table II. (x)-functions ha(z)
Ao ha(z)
083 | 1-20 2" — 052" +2'2/(1 - )
085 | 1— 2326 04z 4 2 /(1 — 1)

0.86
0.87
0.88

1= 2 — 098" + 2 /(1 — )
1-P 2t — 0182 + 27 /(1 — )

-3l +a/(1—2)
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Table III. (x)-functions hi(z)

a )\0 hl(l’)

0.375 | 0.8190 | 1—aYl_, z" —0.3263192% 4 az®/(1 — x)

0.350 | 0.8278 | 1—ad.l o' —0.6196682° + az®/(1 — x)

0.325 | 0.8363 | 1—aX_ ' —0.8859202% + az®/(1 — x)

0.300 | 0.8474 | 1 —aY s | o' —0.6763592° + az'/(1 — z)
0.275 | 0.8564 | 1 —ad >, a' —0.9721152° + az'®/(1 — z)
0.250 | 0.8677 | 1—aY 7, 2" —0.8853982'° + az' /(1 — )
0.225 | 0.8801 | 1—aY !t 2" —0.5111402"% + az™® /(1 — )
0.200 | 0.8901 | 1 —aY 1L, ' —0.9334922'% + az'® /(1 — )
0.175 | 0.9026 | 1 —aY 12, 2" —0.8083262" + az'® /(1 — )
0.150 | 0.9149 | 1—aY 1% 2" —0.8329872'% + az'" /(1 — )
0.125 | 0.9278 | 1—a Y 1%, 2" — 0.8195972"° + az? /(1 — )
0.100 | 0.9415 | 1 —a X7 2" —0.9549172** 4 az®® /(1 — z)
0.075 | 0.9558 | 1 —a2" 2’ —0.9124052°% + az* /(1 — )
0.050 | 0.9692 | 1—aY 2 2" —0.9255722™ + az®® /(1 — )
0.025 | 0.9842 | 1 —a X3 2" —0.9818552*° 4 az®® /(1 — z)

Table IV. (x)-functions ha(x) for those hi(x) in Table III.

a Ao ha(z)

— 0.89 1—2}810:c —0.32" +22°/(1 — z)

— 0.90 1-3% 2" +0.62* +2%/(1 —x)

— 0.91 -2 +07m27+:c28/(1—1’)

— 0.92 1-% 2t +0.82% + 2% /(1 - )

— 0.929 1—233 Osc ‘012 + 2% /(1 —2)
0.100 | 0.9393 | 1—300 2 —0.1126912*" + 2*2/(1 — 2)
0.075 | 0.9497 | 1— 3133 z* —0.39834325% + %% /(1 — z)
0.050 | 0.9595 | 1—3% a2’ +0.8822072% +27/(1 — z)
0.025 | 0.9746 | 1—Y12% o' 4 0.5800092'%% + z'2* /(1 — )

We illustrate Theorem 4.6 for p; = 1/3 in Figure 2.
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