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GORENSTEIN INJECTIVE ENVELOPES AND COVERS
OVER TWO SIDED NOETHERIAN RINGS

ALINA TACOB

ABSTRACT. We prove that the class of Gorenstein injective mod-
ules is both enveloping and covering over a two sided noetherian
ring such that the character modules of Gorenstein injective mod-
ules are Gorenstein flat. In the second part of the paper we con-
sider the connection between the Gorenstein injective modules and
the strongly cotorsion modules. We prove that when the ring R
is commutative noetherian of finite Krull dimension, the class of
Gorenstein injective modules coincides with that of strongly cotor-
sion modules if and only if the ring R is in fact Gorenstein.

1. INTRODUCTION

The class of Gorenstein injective modules was introduced by Enochs
and Jenda in 1995 ([9]). Together with the Gorenstein projective and
with the Gorenstein flat modules, they are the key elements of Goren-
stein homological algebra. So it is natural to consider the question of
the existence of the Gorenstein injective envelopes and covers. Their
existence is known over Gorenstein rings ([7]). It is also known ([6])
that when R is a commutative noetherian ring such that the character
modules of Gorenstein injective modules are Gorenstein flat, then the
class of Gorenstein injective modules is both enveloping and covering.
We extend these results to two sided noetherian rings (not necessarily
commutative). More precisely, we show that when R is a two sided
noetherian ring and the character module of any Gorenstein injective
left R-module is Gorenstein flat, the class of Gorenstein injective left
R-modules is both enveloping and covering.

Then we consider the relation between the Gorenstein injective mod-
ules and the strongly cotorsion modules. It is known that over a com-
mutative noetherian ring R of finite Krull dimension, any Gorenstein
injective module is strongly cotorsion ([16]). We prove that over such
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a ring the class of Gorenstein injective modules coincides with that of
strongly cotorsion modules if and only if the ring R is in fact Goren-
stein.

2. PRELIMINARIES

Throughout this section R denotes an associative ring with unity. By
R-module we mean a left R-module.

Definition 1. ([7], definition 10.1.1) A module G is Gorenstein in-
jective if there is an exact complex ... - E; — Ey — E_1 — ... of
injective modules which remains exact under application of the func-

tors Hom(Inj, —) , where Inj stands for all injective modules, and
such that G = Ker(Ey — E_4).

We will use the notation GZ for the class of Gorenstein injective mod-
ules.

A stronger notion is that of strongly Gorenstein injective module:

Definition 2. ([2], definition 2.1) An R-module M is strongly Goren-
stein injective if there exists an exact and Hom(Inj, —) exact sequence

.»ELELES
with E injective and with M = Ker(f).

It is known ([2], Theorem on page 3) that a module is Gorenstein
injective if and only if it is a direct summand of a strongly Gorenstein
injective one.

The Gorenstein flat modules are defined in terms of the tensor product.

Definition 3. ([7], Definition 10.3.1) An R-module G is Gorenstein
flat if there exists an exact and Inj ® — exact sequence of flat modules

.o —>F_— ...
such that G = Ker(Fy — F_1).

We will use the notation GF for the class of Gorenstein flat modules.

We recall that the character module of a left R-module M is the right
R-module M = Homz(M,Q/Z).
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It is known ([12], Theorem 3.6) that if the ring R is right coherent then
a module G is Gorenstein flat if and only if its character module G is
Gorenstein injective.

Given a class of R-modules F, we will denote as usual by F* the class
of all R-modules M such that Ext!(F, M) = 0 for every F € F.

The left orthogonal class of F, denoted +F, is the class of all zIN such
that Ext!'(N, F) = 0 for every F' € F.

We recall that a pair (£,C) is a cotorsion pair if L+ =C and 1C = L.
A cotorsion pair (£,C) is complete if for every g M there exists exact
sequences 0 - C - L -+ M —-0and 0 - M — C" — L' — 0 with C,
C'"inCand L, L' in L.

Definition 4. ([5], Definition 1.2.10) A cotorsion pair (L,C) is called
hereditary if one of the following equivalent statements hold:

(1) L is resolving, that is, L is closed under taking kernels of epi-
morphisms.

(2) C is coresolving, that is, C is closed under taking cokernels of
monomorphisms.

(3) Ext'(F,C) =0 for any F € F and C € C and i > 1.

Our main results in section 3 are about the existence of covers and en-
velopes with respect to the class of Gorenstein injective modules. We
recall the following definitions:

Definition 5. ([5], Definition 1.2.3) Let C be a class of left R-modules.
A homomorphism ¢ : M — C is a C-preenvelope of M if C' € C and
if for any homomorphism ¢ : M — C' with C' € C, there exists
u € Hompg(C,C") such that ¢' = up.

A C-preenvelope ¢ : M — C' is a C-envelope if any endomorphism
u € Hompg(C,C) such that ¢ = u¢ is an automorphism of C.
(Pre)covers and covers are defined dually.

In the case when C is the class of Gorenstein injective modules, a
C-(pre)cover (preenvelope respectively) is called a Gorenstein injective
(pre)cover (preenvelope respectively).

Duality pairs were introduced by Holm and Jgrgensen in [I1]. We re-
call their definition (the opposite ring is denoted R):
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Definition 6. ([11], Definition 2.1) A duality pair over a ring R is
a pair (M, C) where M is a class of R-modules and C is a class of
RP-modules, subject to the following conditions:

(1) For an R-module M, one has M € M if and only if M* € C.

(2) C is closed under direct summands and finite direct sums.

A duality pair (M, C) is called (co)product closed if the class M is
closed under (co)products in the category of all R-modules.

A duality pair (M, C) is called perfect if it is coproduct-closed, if M
is closed under extensions, and if R belongs to M.

We also recall that a cotorsion pair (£, C) is perfect if C is an enveloping
class and £ is a covering class.

The following result is [I1], Theorem 3.1:

Theorem. Let (M, C) be a duality pair. Then M is closed under pure
submodules, pure quotients, and pure extensions. Furthermore, the
following hold:

(a) If (M, C) is product-closed then M is preenveloping.

(b) If (M, C) is coproduct-closed then M is covering.

(c) If (M, C) is perfect then (M, M™) is a perfect cotorsion pair.

3. (GORENSTEIN INJECTIVE ENVELOPES AND COVERS

We recall the following results from [6]:

Lemma 1. ([6], Corollary 1) If R is left noetherian then (*GZ,GT) is
a complete hereditary cotorsion pair.

Theorem 1. ([6], Proposition 2) Let R be a left noetherian ring. The
class of Gorenstein injective modules is enveloping if and only if the
class *GT is covering.

We prove that if the ring R is two sided noetherian and has the property
that the character modules of Gorenstein injective left R-modules are
Gorenstein flat right R-modules, then the class of Gorenstein injective
modules is enveloping. Since the class G7 is closed under arbitrary
direct sums, it suffices to prove that +GZ is the left half of a duality
pair. Then by [I1], Theorem 3.1 (b), the class *GZ is covering. By
Theorem 1, G7 is enveloping in this case.

We start with the following
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Lemma 2. Let R be a two sided noetharin ring such that for any (left)
Gorenstein injective module M, its character module, M is a (right)
Gorenstein flat module. Then a left R-module K is in the class ~GT if
and only if its character module K+ is in GF™*.

Proof. = Let K €+ GZ. For any Gorenstein flat right R-module B we
have BT € GZ ([12], Theorem 3.6). It follows that Ext!'(K, Bt) = 0.
Then Ext'(B, K*) ~ Eat'(K,B*) = 0. So K+ € GF*.

< Assume that K is a left R-module such that K+ € GF*.

Since R is noetherian there exists an exact sequence 0 - K — G —
V — 0 with G Gorenstein injective and with V €+ GZ (by Lemma
1). This gives an exact sequence 0 — VT — G — K* — 0 with G*
Gorenstein flat. Since V' €+ GZ we have that VT € GF*. Since K+
is also in GF* it follows that G € GF N GF*+. Thus G is flat and
therefore G is injective (by [7], Theorem 3.2.16).

So we have an exact sequence 0 -+ K — G — V — 0 with G € Inj C*
GT and with V €+ GZ. Since (+GZ,GZ) is a hereditary cotorsion pair,
it follows that K €+ GT. O

Now we can prove:

Theorem 2. Let R be a two sided noetherian ring such that the charac-
ter modules of Gorenstein injective left R-modules are Gorenstein flat
right R-modules. Then (*GI,GF™ ) is a duality pair. In particular the
class *GT is covering.

Proof By Lemma 2 we have that K € GT if and only if K+ € GF*.
Any right orthogonal class (in particular GF*) is closed under direct
products, and so it is closed under finite direct sums. Also, any right
orthogonal class (so GF* in particular) is closed under direct sum-
mands.

Thus (*GZ,GF7) is a duality pair. Since the class *GZ is closed under
direct sums, it follows (by [I1], Theorem 3.1) that +GZ is covering. [

Theorem 3. Let R be a two sided noetherian ring such that the char-
acter modules of Gorenstein injective left R-modules are Gorenstein
flat right R-modules. Then the class of Gorenstein injective modules is
enveloping.

Proof. This follows from Theorem 1 and Theorem 2. 0
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We prove that over the same kind of rings the class of Gorenstein in-
jective modules is also covering.

Theorem 4. Let R be a two sided noetherian ring such that the charac-
ter modules of Gorenstein injective modules are Gorenstein flat. Then
(GZ,GF) is a duality pair.

Proof. - We prove first that K € GZ if and only if K+ € GF.

One implication is a hypothesis we made on the ring.

Assume that K € GF. Since the ring R is left noetherian there exists
an exact sequence 0 - K — G — L — 0 with G Gorenstein injec-
tive and L €t GZ. Therefore we have an exact sequence 0 — LT —
Gt — K+ — 0 with Gt Gorenstein flat, and Lt € GF* (by Lemma
2). Then Ext'(K*,LT) = 0, so Gt ~ LT ® K*, and therefore L*
is a Gorenstein flat right R-module. It follows that LT € GF N GF™*,
so L1 is a flat right R-module, and therefore L is injective (by [7],
Theorem 3.2.16). The exact sequence 0 - K — G — L — 0 with
G Gorenstein injective and with L injective, gives that K has finite
Gorenstein injective dimension. By [3] Lemma 2.18, there exists an
exact sequence 0 - B — H — K — 0 with B Gorenstein injec-
tive and with idgH = GidrK < oo. This gives an exact sequence
0 - Kt —- H" — BT — 0. Both BT and KT are Gorenstein flat
modules, so H* is also Gorenstein flat. Since idgH is finite it follows
that HT has finite flat dimension ([7], Theorem 3.2.19). But a Goren-
stein flat module of finite flat dimension is flat ([7], Corollary 10.3.4).
So H™ is flat and therefore H is injective. Thus Gidr K = 0.

- We can prove now that (GZ,GF) is a duality pair.
The first condition from the definition holds by the above.
It is known that the class of Gorenstein flat modules is closed under

(finite) direct sums, and under direct summands ([4], Theorem 4.14).
U

In the proof of the result about the existence of the Gorenstein injec-
tive envelopes we will use the following lemma:

Lemma 3. A direct sum of modules is a pure submodule of the direct
product of the modules.

Proof. Let (X;)ier be a family of R-modules. The direct sum @®;c;X;
of the family is the direct limit of the finite direct sums Y; = ®;<;X;
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of these modules. Any finite direct sum Y; is a direct summand of the
direct product Y = [] X}, so it is a pure submodule of Y. Therefore the
sequence 0 - A®Y; — A®Y is exact, for any R-module A. Then 0 —

lim(A®Y;) — lim(A®Y') is exact. Since the tensor product commutes

with direct limits we have an exact sequence 0 — A® (lz_>mY]) — ARY.
S0 0 =+ A® (BierX;) > AR [[ X, is exact for any R-module A. O

Theorem 5. Let R be a two sided noetherian ring such that the char-
acter modules of Gorenstein injective left R-modules are Gorenstein
flat right R-modules. Then the class of Gorenstein injective modules is
covering in R — Mod.

Proof. By Theorem 4, (GZ,GF) is a duality pair. Then by [11] Theo-
rem 3.1, the class of Gorenstein injective modules is closed under pure
submodules. Since GZ is closed under direct products and every direct
sum is a pure submodule of a direct product (Lemma 3), it follows that
GZ is closed under arbitrary direct sums. Another application of [11],
Theorem 3.1 gives that GZ is covering. U

The following is an equivalent description of the condition that (GZ, GF)
is a duality pair.

Proposition 1. Let R be a two sided noetherian ring such the charac-
ter modules of Gorenstein injective modules are Gorenstein flat. The
following are equivalent:

1. (GZ,GF) is a duality pair;

2. The class of Gorenstein injective modules, GZ, is closed under pure
submodules.

Proof. 1. = 2. follows from [I1], Theorem 3.1.

2. = 1. Assume that K is a right Gorenstein flat module.

The ring R is noetherian so there is an exact sequence 0 - K — G —

L — 0 with G Gorenstein injective and with L €+ GZ. By the proof of

Theorem 4, Gt ~ Lt & K+, so the sequence 0 - K —- G — L — 0 is

pure exact. Since GZ is closed under pure submodules it follows that

K is Gorenstein injective. Thus K is Gorenstein injective if and only

if its character module, KT, is Gorenstein flat.

Since the class of Gorenstein flat modules is closed under direct sums

and under direct summands, it follows that (GZ,GF) is a duality pair.
O
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Our results hold over two sided noetherian rings with the property that
the character modules of left Gorenstein injective modules are Goren-
stein flat right R-modules. It is known that this class of rings includes
the Gorenstein rings ([7]), as well as the commutative noetherian rings
with dualizing complexes ([I1]). But these are not the only rings with
this property. We proved ([13]) that every two sided noetherian ring R
with i.d.ger R < 00 has the desired property.

Theorem 6. ([I3], Theorem 2) Let R be a two sided noetherian ring
such that i.d.gor R < n for some positive integer n. Then the character
modules of Gorenstein injective left R-modules are Gorenstein flat right
R-modules.

Then by Theorem 3, Theorem 5 and Theorem 6 we obtain:

Theorem 7. Let R be a two sided noetherian ring such that i.d.ge» R <
o0o. Then the class of left Gorenstein injective R-modules is both en-
veloping and covering in R — Mod.

4. WHEN IS EVERY STRONGLY COTORSION MODULE GORENSTEIN
INJECTIVE?

We recall first the following:

Definition 7. ([8], Definition 2.6) A module rM is called strongly co-
torsion if Ext'(F, M) =0 for every module F of finite flat dimension.

It is known (see for example [19], Lemma 2.2) that M is a strongly
cotorsion module if and only if Ext'(F, M) = 0 for all i > 1, for any
module F' of finite flat dimension.

We will use the notation SC for the class of strongly cotorsion modules,
and F for the class of modules of finite flat dimension.

We recall ([10]) that a ring R is said to be left n-perfect if every left
R-module of finite flat dimension has projective dimension less than or
equal to n.

Left perfect rings, commutative noetherian rings of finite Krull dimen-
sion, the universal enveloping algebra U(g) of a Lie algebra of dimension
n, and n-Gorenstein rings are all examples of left n-perfect rings (by

[10]).
Proposition 2. If R is left n-perfect then every Gorenstein injective
left R-module is strongly cotorsion.
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Proof. Let M be a strongly Gorenstein injective left R-module. Then
there is an exact sequence 0 - M — E — M — 0 with zFE an injec-
tive module. It follows that Ext'(—, M) ~ Ext'(—, M) for all 1 > 1.
Let g X be a module of finite flat dimension. Since R is left n-perfect,
the projective dimension of X is less than or equal to n. So Fzt'(X, M) =
0 for all « > n. Then by the above we have that Ext'(X, M) = 0 for
allt>1. Thus M € SC.

If M’ is a Gorenstein injective R-module then there exists a strongly
Gorenstein injective module M such that M ~ M’ & M” (by [2]).
It follows that Ext'(X,M’) = 0 for any X € F. So M’ is strongly
cotorsion. U

Proposition 3. Let R be a two sided noetherian ring such that R is
left n-perfect. If the class of strongly cotorsion modules coincides with
that of Gorenstein injective modules then i.d.gor R < 00.

Proof. Since R is left noetherian, (*GZ,GT) is a complete hereditary
cotorsion pair. By [19], Proposition 2.14, (F,SC) is also a cotorsion
pair.

By our assumption, SC is the class of Gorenstein injective modules.
It follows that *SC =* GZ, that is, F =% GZ. Since Inj C*+ GZ, it
follows that every injective module has finite flat dimension.

Since R is right noetherian we have that i.d.ger R = sup{f.d.I|rl €
Ing} (by [14]). It follows that i.d.ger R < m. O

In particular, any commutative noetherian ring of Krull dimension
n < oo is left n-perfect. Over such a ring the condition i.d.ger R < 00
is equivalent with R being a Gorenstein ring. So using Proposition 3
we obtain the following result:

Theorem 8. Let R be a commutative noetherian ring of finite Krull
dimension. The following are equivalent:

1) The class of Gorenstein injective modules coincides with that of
strongly cotorsion modules.

2) R is a Gorenstein ring.

Proof. 1) = 2) By Proposition 3, i.d.grer R < n. Since R is commutative
noetherian and such that i.d. gpor R < n it follows that R is a Gorenstein
ring.

2)= 1) Since R is a Gorenstein ring the class *GZ consists of all mod-
ules of finite projective dimension ([7]). By [7] again, this is the class



10 ALINA TACOB

F of modules of finite flat dimension. Then GZ = (+GZ)+ = F+ = SC.

U
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