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EXISTENCE OF SOLUTIONS FOR A VARIABLE EXPONENT
SYSTEM WITHOUT PS CONDITIONS

LI YIN, YUAN LIANG, QIHU ZHANG, CHUNSHAN ZHAO

ABSTRACT. In this article, we study the existence of solution for the following
elliptic system of variable exponents with perturbation terms

— div [Vul|P® =2V + [ulP®) =2y = a(z)|u]"® 2w + Fy(z,u,v) in RY,
—div |Vo|2®)=2¥0) + |v]9®) =2y = Ab(2)[v]*®) =20 + Fy(z,u,v) in RV,
uwe WHPORN) v € WhiO)(RNY),
where the corresponding functional does not satisfy PS conditions. We obtain

a sufficient condition for the existence of solution and also present a result on
asymptotic behavior of solutions at infinity.

1. INTRODUCTION

The study of differential equations and variational problems with variable expo-
nent has attracted intense research interests in recent years. Such problems arise
from the study of electrorheological fluids, image processing, and the theory of non-
linear elasticity [11 [7, 19] 26]. The following variable exponent flow is an important
model in image processing [7]:

wy — div [Vu|P@72Vu) + AMu — up) =0, in Q x [0,77,
u(x,t) :g(f), on 9 x [OvT]a
u(z,0) = uo.
The main benefit of this flow is the manner in which it accommodates the local
image information. We refer to [14] 18] 24] for the existence of solution of variable
exponent problems on bounded domain.
In this article, we consider the existence of solutions for the system
—div |[VulP®=2Vu) + u|P® 2y = Na(z)|u|" " 2u + F,(z,u,v) in RY,
—div |Vo|7®72T0) + [0]9®) =20 = Ab(2)|v]* @20 + Fy(z,u,v) in RY, (1.1)
ue WHPORN), v e WhiO(RN),
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where p,q € C(RY) are Lipschitz continuous and p(-),q(-) >> 1, the notation
hi(-) >> ha(-) means essinf,cgn (hi(x) — ho(z)) > 0,

—Ap(z)u = —div |Vu|”(””)_2Vu)

which is called the p(z)-Laplacian. When p(-) = p (a constant), p(z)-Laplacian
becomes the usual p-Laplacian. The terms Aa(z)|u|"® =24 and Ab(z)[v]|*®) =2y are
the perturbation terms. The p(z) -Laplacian possesses more complicated nonlin-
earities than the p-Laplacian (see [15]). Many methods and results for p-Laplacian
are invalid for p(z)-Laplacian.

The PS condition is very important in the study of the existence of solution via
variational methods. According to [21, Theorem 2.8], if a C*(X,R) functional f
satisfies the Mountain Pass Geometry, then it has a PS sequence {x,, } which satisfies
f(zn) — ¢ which is the mountain pass level and f’(z,) — 0. By [2I, Theorem 2.9]
it follows that if f also satisfies the PS condition, passing to a subsequence, then
Zn — Zo in X, and then xg is a critical point of f, that is f'(xg) = 0. In the study of
this problems in the bounded domain, since we have the compact embedding from
a Sobolev space to a Lebesgue space, so we have the PS condition when we study
the case of subcritical growth condition. For the unbounded domain, we cannot get
the compact embedding in general, so we do not have the PS condition.

It is well known that a main difficulty in the study of elliptic equations in RY is
the lack of compactness. Many methods have been used to overcome this difficulty.
One type of methods is that under some additional conditions we can recover the
required compact imbedding theorem, for example, the weighting method [16], 25],
and the symmetry method [23]. If equations are periodic, the corresponding energy
functionals are invariant under period-translation. We refer to [2]-[5] and references
cited therein for the applications of this method to the p-Laplacian equations, the
Schrodinger equations and the biharmonic equations etc.

Sometimes we can compare the original equation with its limiting equation at
infinity. Especially, we can compare the corresponding critical values of the func-
tionals for these two equations when the existence of the ground state solution for
the limiting equation is known. Usually the limiting equations are homogeneous,
but in [2]-[5] the limiting equations are periodic. We also refer to [I3] for the
existence of solution for p(x)-Laplacian equations with periodic conditions.

In this article we consider the existence and the asymptotic behavior of solutions
near infinity for a variable exponent system with perturbations that does not satisfy
periodic conditions, which implies the corresponding functional does not satisfy PS
conditions on unbounded domain. We will also give a sufficient condition for the
existence of solutions for the system . Our method is to compare the original
equation with its limiting equation at infinity without perturbation. These results
also partially generalize the results in [I3] and [20].

In this article, we make the following assumptions.

(A0) p(),q(-) are Lipschitz continuous, 1 << p(-),q(:) << N, 1 << 7(:) <<

p() a()

p(-); a(-) € L= (RY), 1 << §() << q(-), b() € LTO=0 (RN), F
€ C1(RN x R? R) satisfies

[P, 0, 0)] < C(IufP @ a1 4 o] 1@/070) o)/,
|F, (2, u, )| < C(|U|q($)*1 + |U|ﬁ($)*1 + |u‘p(z)/ﬁ°(w) + |u|a(w)/ﬁ°(w)),
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where F,, = 2F, F, = 2F, a,3 € C(RV) satisfy
p() << al() <<p (), q() << B() << " (),
hO(-) denotes the conjugate function of h(-), that is ﬁ + h%(gg) =1, and

00, p(xz) > N.
(A1) There exist constants 61 > pT and 6y > ¢T, such that F satisfies the
following conditions
0 < sF,(x,s,t),0 < tFy(z,s,t), V(z,s1t) e RY xR xR,
1 1
0< F(z,s,t) < e—st(m, s, t) + a—tFt(x,s,t), vz € RV V(s,t) € R x R\{(0,0)}.
1 2
611
(A2) For (s,t) € R?, the function sFy(x,7'/% s, 71/%2¢) /770 and the function
6o —1
tFt(xml/els,Tl/G?t)/Tz"T are increasing with respect to 7 > 0.
(A3) There is a measurable function F'(s,t) such that
| ‘lim F(x,s,t) = F(s,t)
x| —+o0
for bounded |s| 4 |¢| uniformly, and
[F(s, )]+ |Fa(s,)s] + | Fals 0 < C(UslP” o+ (1 + 117+ 117), ¥(s,1) €R?,
and when |z| > R the following inequalities hold
| (@, 5,1) = F(s,1)] < e(R)(|s[P™) + [s]P" @) 4 90 4 1)),
‘Fs(l'v Svt) - ﬁs(sat”
< 6(R)(|S|p($)71 + |s|p*(ﬂi)*1 + |t|q(w)(p*(w)*l)/p*(w) + |t‘q*(év)(P*(ﬂc)*l)/p*(w))’

|Fy(w,5,t) — Fy(s,1)]
< 6(R)(|S|p(ﬂv)(q*(93)*1)/11*@) + ‘S‘f(w)(q*(I)*l)/q*(w) + |t|q(w)*1 + |t|q*(w)*1)

)
where £(R) satisfies limp_, o0 €(R) = 0.
This article is organized as follows. In Section 2, we introduce some basic prop-

erties of the Lebesgue-Sobolev spaces with variable exponents and p(x)-Laplacian.
In Section 3, we give the main results and the proofs.

2. NOTATION AND PRELIMINARY RESULTS

Throughout this paper, the letters ¢, ¢;, C;, i = 1,2,..., denote positive con-
stants which may vary from line to line but are independent of the terms which will
take part in any limit process. To discuss problem (|1.1)), we need some preparations
on space W1P()(Q) which we call variable exponent Sobolev space, where ¢ RY
is an open domain. Firstly, we state some basic properties of spaces Wl’p(')(Q)
which we will use later (for details, see [9, 11} 12} [14]). Denote

C+(Q)={h e C(Q),h(x) >1 for x € Q},
hy = esssup,cq h(z), hg = essinf,ecq h(z), for any h € L>(Q),
ht = esssup,cpy h(z),h~ = essinf,epn h(x), for any h € L= (RY),

S(Q) = {u : u is a real-valued measurable function on Q},
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LPO(Q) = {u € S(Q) /Q ()P dz < oo}

In this section, p(-) and p;(-) are Lipschitz continuous unless otherwise noted.
We introduce the norm on LP)(Q) by

0 = 63> 05 [ [B2p0 s < 1),
Q

and (LPO)(Q), | - |p().0) becomes a Banach space, we call it variable exponent
Lebesgue space.
If @ = RY, we will simply denote by | - |, the norm on LPO)(RN).

Proposition 2.1 ([9]). (i) The space (LP) (), ] - lp(),@) is a separable, uniform
convexr Banach space, and its conjugate space is LPO(')(Q), where ﬁ + p%(m) =1.
For any u € LPO)(Q) and v € LP"O)(Q), we have
1 1
\/ wdz] < (— + ——=)|ulpey,lvlp).0-
o Do (pO)Q p(") p°(+)

(ii) If Q is bounded, p1, p» € C+(Q), p1(-) < pa(-) for any x € Q, then
Lr20)(Q) ¢ LP*O)(Q), and the imbedding is continuous.
Proposition 2.2 ([9]). If f: Q@ x R — R is a Caratheodory function and satisfies

|f(x, )] < h(x)+d|s|Pr@/P2@) for any x € Qs € R,

where p1, pa € C () , h € LP20)(Q), h(x) > 0, d > 0, then the Nemytskii operator
from LPrO(Q) to LP2()(Q) defined by (Nyu)(z) = f(z,u(z)) is continuous and
bounded.

Proposition 2.3 ([9]). If we denote
pu) = [ [l d, vue 120(@),
Q

then
) fulpiy < 1(= 15> 1) 4= plu) < 1 (= 1:> 1);
.o - + -
(i) ulpyo > 1= lulp o < p(u) < |ulpe) of Tulpeyo <1 = Julp g 2

p+
p(u) > |U|p(.)VQ;
(iii) |u|p(),0 — 0 <= p(u) — 0; |uly),0 — 00 <= p(u) — oc.
Proposition 2.4 ([9)). If u, u, € LPO(Q), n = 1,2,..., then the following state-
ments are equivalent.
(1) hmn_,oo |’U,n — u|p(,),g = O,’
(2) lim,— o0 p(uy, —u) = 0;
(3) up — w in measure in Q and lim,_,o p(u,) = p(u).
Denote Y = Hle Lri()(Q) with the norm
k

lylly = Zy’

i=1

pi (), VY = (yl7 .. 7yk) €y,

where p;(-) € C (), i=1,...,m, then Y is a Banach space.
With a proof similar to proof in [6], we have:
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Proposition 2.5. Suppose f(z,y) : @ x R¥ — R™ is a Caratheodory function; that
is, [ satisfies

(i) For a.e. v € Q, y — f(x,y) is a continuous function from R¥ to R™,
(ii) For anyy € R¥, x — f(x,y) is measurable.

If there exist p1(-), ..., pr(-) € CL(Q), 1 < B(-) € C(Q), p(-) € L) (Q) and positive
constant ¢ > 0 such that

If (z,y)] < p(= +cZ\y|p7 2B for any x € Q,y € R,
then the Nemytskii operator from'Y to (LPC)(Q))™ defined by (Nju)(x) = f(x,u(z))
is continuous and bounded.
The space W1P()(Q) is defined by
WO (@) = {u e I7O(Q) : Vu € (L7 @)V},
with the norm
[ullpey.e = lulpe).o + [Vulpy o, Vo€ WHO(Q).

If @ = RN, we will denote the norm on W'PO)(RY) as [|ul|,-
Denote

a0 = mtA > 05 [ 1SEP o+ / 49 @) g, < 13,

vl Q_mﬂx>o./| Y|9@) gy +/ﬁ Pmdx<u
It is easy to see that the norm || - H ()0 18 equivalent to [ llpcy,0 on W r()(Q),
and || - ||q(.)7Q is equivalent to || - [|,(.).o on W40 (Q). In the following, we will use
II - ||;(.)’Q instead of || - ||,().0 on WPO)(Q), and use | - ||:1(_)’Q instead of || - [|4(.),0

on WH0)(Q). We denote by Wol’p(')(Q) the closure of C§°(2) in W12()(Q).

Proposition 2.6 ([8, 9, I1]). (i) W) (Q) and Wol’p(')(ﬂ) are separable reflexive
Banach spaces;

(ii) If p(-) is Lipschitz continuous, «(-) is measurable, and satisfies p(-) < a(:) <
p* (") for any x € Q, then the imbedding from W1HPC) (RN to L*C)(RN) is contin-
uous;

(iii) If Q0 is bounded, o € C1(Q) and a(-) < p*(-) for any x € Q, then the
imbedding from WP (Q) to L*C)(Q) is compact and continuous.

Proposition 2.7 ([I2, Lemma 3.1]). Assume that p : RN — R is a uniformly

continuous function, if {u,} is bounded in WP (RN) and

sup / |un|p(x) dr — 0,n — 400,
yERN JB(y,r)
for some r > 0 and some p € LT (RY) satisfying

p() < p() <<p*(),

then u, — 0 in L*C)(RN) for any « satisfying p(-) << a(-) << p*(-), where B(y,r)
is an open ball with center y and radius .
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Denote X; = WHPO(RY), Xy = WHO(RN), X = X; x Xy. Let us endow the
norm || - || on X as
[[(w, )| = max{[ullp(.), |v]lqc }-
The dual space of X will be denoted by X*, then for any © € X*, there exist
f e WHPORN)* and g € (WHIO(RN))* such that O(u,v) = f(u) + g(v).
We denote || - [|s, || - lup() and ||« [[eq¢y the norms of X*, (WP (RN))* and
(WHaC) (RN))*| respectively. Obviously X* = (W5hPO(RN))* x (WHIC) (RN))*
and
1O« = [If1lp) + llg

For every (u,v) and (p,%) in X, set

1 1
Dy (u :/ —Vup(m)dx—&—/ ——|u[P@® dz,
= Lo bV e o)
1 1
@z(v)z/ —|W|q<r>dx+/ Lo g,
=y q(2)

|*7q(.), Vo € X.

( ry q()
P (u,v) = 1(u) + P2(v),
(u,v) / {A Z(x;I |7 + bEx;Wé(w)]—i-F(x,u,v)}d%
‘lll(u,v): . ag | "Y z)d _|_/ )\ | |6(gc

It follows from Proposition that ® € C1(X, R), then
@' (u,v)(¢,¥) = D1®(u,v)(¢) + D2®(u,v)(¥),Y(p, ¥) € X,
\Ill(u7 ’U)(QD, ¢) = Dl\IJ(uv U)(Lp) + DQ\II(ua ’U)(w)av(@7 ¢) € X7

where
D1 ®(u,v)(p) = / . \Vul|P®)=2VuV o da + / N [u[P® 2w dz = & (u)(p),
: Vo € X7, ‘
Det(u o)) = [ VPO 06T s+ [ P Ruwde = (0)(0),
: Vih € Xo, ‘

Dy, v)(¢) = / Da@)ul"®u + L F(a,u,0)lpde, Ve Xy,
RN 8u

0
Do (u, v) (1) = / M@0+ - P u )l da, Vi € Xo.
RN
The integral functional associated with the problem is
J(u,v) = ®(u,v) — ¥(u,v).
Without loss of generality, we may assume that F'(x,0,0) = 0, then we have
1
F(z,u,v) = / [uOa F(x, tu, tv) + vOs F(z, tu, tv)]dt,
0

where 0; denotes the partial derivative of F' with respect to its j-th variable. The
condition (A0) holds

|F(z,u,0)] < e(ful’™ + [u]*® 4 o1 4 0] 7). (2.1)
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From Proposition and condition (A0), it is easy to see that J € C1(X,R)
and satisfies

J'(u,0) (9, ) = D1 (u,0)() + D2J (u,v)(¥), V(e ) € X,
where
DlJ(”ﬁ“)(‘P) :D1©<u’v)((p) —Dl\I/(u,v)(gp), VLPGXla
Dy J(u,v)(¢) = Da®(u,v)(v)) — DaU(u,v)(v), Vi € Xo.

Obviously,
1" (u, 0) [l = [1D1T (0, 0) |, py + [1D2 (w,0) g -
We say (u,v) € X is a critical point of J if

J'(u,v)(p,9) =0, V(p,¢) € X.

Proposition 2.8 ([22]). (i) ® is a convex functional;
(it) @ is strictly monotone, that is, for any (u1,v1) , (u2,vs) € X with (ug,v1) #
(ug,v2), we have

(fI)’(ul,vl) — (I)/(UQ,’UQ))(Ul — Ug,V1 — Uz) > 0,
(#ii) ®' is a mapping of type (Sy ), that is if (up,v,) — (u,v) in X and
lin SUp[® () — @' (1, )]t — 14,0 — v) <0,

then (un,v,) — (u,v) in X.
(iv) ®' : X — X* is a bounded homeomorphism.

Theorem 2.9. ¥; € CY(X,R) and ¥,V are weakly-strongly continuous, that is,
(Up, V) — (u,v) implies Uy (tn,v,) — Ui(u,v) and V) (u,,v,) — V) (u,v).

The proof is similar to the proof of [25, Theorem 3.2], we omit it here.

3. MAIN RESULTS AND THEIR PROOFS

In this section, we state the main results at first, and using the critical point
theory, we prove the existence of solutions for problem , and the asymptotic
behavior of solutions near infinity.

We say that (u,v) € X is a weak solution for , if

/ |VulP® =2V - Vo d + / JuP@ =2y . o da
RN RN
= / {Xa(@)|u|" 20+ Fy(z,u,0)}ypde, Yo e X,
RN
/ |Vo|1®) =2V . Vi da +/ |v]2®) =2y . ) da
RN RN

= /RN{Ab(x)W@)—% + Fy(z,u,v) yhde, Vo € Xo.
It is easy to see that the critical point of J is a solution for .
Similar to the proof of [I8, Theorem 5], from (A1) we have
F(J:,Tl/‘gls,Tl/th) > 7F(x,s,t), Y(z,st) € RY xR? 7>1, (3.1)
F(x, 7Y% 7Y/%2¢) < 7F(2,5,t), V(z,s,t) e RN xR, 0<7<1. (3.2)
In fact, from (AO) and (A1) we have
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(A0D’) 0 < F(x,s,t) < ols|P@ + C(0)]s|*®) + o[t|2®) + C(0)[t|* ), where o is a
small enough positive constant.
Denote

I'={y € C([0,1], X) : 7(0) = (0,0),7(1) = (u",v")},

¢ = inf max J(u,v),
YET (u,v)Ey

where (u*,v*) € X satisfies J(u*,v*) < 0.

Denote

= 1
J(u,v :/ ——(IVuP® 4 |uP®)) da
o) = [ (VU 4+ )

1 ~
+/ ——(|Vo]7® 4 |p|1@)) dz —/ F(u,v)dz,
ry ¢(2) RN

N = {(0) € X 5 7'(u,0) (G, 50) = 0, (w,0) £ 00,

J® = inf J(u,v).
(u,v)EN

Now our results can be stated as follows.

Theorem 3.1. If F satisfies (A0)—(A3), the positive parameter \ is small enough
and ¢ < J*, then (|L.1) possesses a nontrivial solution.

Next, we give an application of Theorem that is, a sufficient condition for
c< J™.

We say h(x) is periodic and its period is A = {a1,as,...,an} where a; > 0,
1<i<N,if

h(z) = h(x + njaze;), Yo € RN,

where n; are integers and (e1, ..., ex) is the standard basis of RN,
Denote

Q(x0, A) = {z € RN : (z — 2,)e; € [0, a]}.
Theorem 3.2. If p(-),q(:) are periodic and their periods is A, F(x,s,t) satisfies
(A0)—(A3), and there exist 7,6 > 0 and p(-) << ao(-) << p*(+), q(*) << Bo(+) <<
q*(+) such that

F(z,s,t) > F(s,t), Y(z,st) € RN xRt x Rt
F(z,s,t) > ﬁ'(s, t) + 5@ 4 ppfo(@)—1 (3.3)
V(x,s,t) € B(Q(x,,A),5) x RT x RT,

then (1.1) possesses at least one nontrivial solution when X is small enough.

Next we give the behavior of solutions near infinity.

Theorem 3.3. Suppose (A0)—(A3) hold, a,b € L>®(RN). If u is a weak solution
for problem (L.1), then u,v € CL*RYN), u(z) — 0,|Vu(z)| — 0,v(z) — 0 and
|Vu(z)| — 0 as |z| — cc.
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3.1. Proof of Theorem For the proof, we need to do some preparations.

Lemma 3.4. If F satisfies (A0)—(A2), and the parameter X\ is small enough, then
J satisfies the Mountain Pass Geometry, that is,

(i) There exist positive numbers p and o such that J(u,v) > a for any (u,v) €
X with |(u,v)] = p;

(ii) J(0,0) =0, and there exists (u,v) € X with ||(u,v)| > p such that J(u,v) <
0.

Proof. (i) Recall that (A0)—(A1l) imply (A0’). Then from (A0’) we have
|F(a,u,0)] < e(fulP” +[0]77) + C ) (|[u]*® + |v]7®),

Suppose € and X are small enough. We have

u.v) = i uP( up(ﬂi) T i qu) ,Uq(:r
T = [ (VP P o+ [ (V0 4 o2 de

_ ( ) y(z) ( 5(3’)) T — ZC u, ’U
/) Ay + gyl e — [ ¥

)\/ |u|p(a:) + ‘U|q(x))d$—/\01
RN
_5/ HU|P +|v|q+]dx—C’(g)/ (|u|a(x)+|v|ﬁ(a¢))d$
RN BN
Bu,0) (@) [ () + o) da
RN

Since
p() << al) <<p*(),q() << B() << " (),
there exists a positive constant €9 such that
a(-) =p(-) > 2 and B() —q(-) > 2¢0.
Since p is Liptchitz cntinuous, we can divide RY into countable disjoint cube

Q,,m = 1,2,..., each one has the same side length, such that U2, = RV and
for any n =1,2,..., the following inequalities hold

inf a(z)— supp(xz) >ep and inf B(x)— sup q(z) > 0.
x€Q, 2€Q, T€Qy, TEQ,

Denote ag = infieq, a(x),pgn = Sup,cq, p(z). Suppose the positive number
p < 1 is small enough and ||(u,v)| = p, from Propositions and it follows
that

a(x Oé" pn
CE) [ 1@ < C@Ml 0, < g Il

3
S - — (IVu p(z) + |u p(z) dx
3 | (VP + )

n

Similarly, we have

1 1
Ce/ vﬁ(””)dng/ ——(|V]7® + |v]7@)) dz
(€) Q"| | 5 Jo. o IVl [0])

Thus, we have

1
J(“wv) > §CI)(U’ U) — C(E)/ (|u|a($) + |v|ﬁ(z))dx
RN
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,Z/ |Vu|p(r) dx + |u|p(m ) dx

4= Z L|v|q($)+‘|q )) da
( v v

- ZC / (ul*® + o) da

> §<I>(u, v).

It means that assertion (i) holds.
(ii) Obviously, J(0,0) = 0. When ¢ > 1, by (3.1)), we have

J(tY 0, 11920
:/ Lt%)qvuy)(m)+|u|p(m))dx_|_/ Lt%(|vv|q(r)+|v‘q(w))d$
ey P() ry q(7)
7/ [“E ; ; g%xiﬂ?wmm/ Fa, 4%, 14/ v) da
RN
< [ ot T ) o+ |
—/ )\[a(@twé) Mt%bﬂ”]dm—/ tF(x,u,v)dz.
rv (@) 6(x) RN

Note that v(z) << p(z), é(z) << q(z), 61 > p* and 62 > ¢, then for any
nontrivial (u,v) € X, it is not hard to check

1 @)
5% (|Vo]7@) 4 |p|2@)) dg

~ q(x)

J(Y 0, t1/%20) - —c0  as t — 4o0.

We remark that it is easy to see that J*° > 0.

Lemma 3.5. If F satisfies (A0)—(A2), {(un,vn)} is a PS sequence of J, that is
J (Un, vy) — ¢ which is the mountain pass level, and J' (un,vy) — 0, then {(un,vn)}
1s bounded.

()
Pmof Since 1 << v(-) << p(*), a(:) € LyO—0O (RY), 1 << §(-) << q(-), b(-) €
L0500 6<>(RN we have
b x

IRE 5"

< / NnAa(x)HuW + () o) da

p(z — 1 p(z
g/ X x)(sl)%w(@+M|;Aa(x)|m}dx
1

rN P(T) p(x)
02) (Vi 4 @) —0@) 1y v 78S gy
+/RN[qx)(51) @ |v]9®) 4 e \ElAb(z)| @@ | d

<& / [uf?® 4 [o]7®)] da + C(er),
RN

where €7 is a positive small enough constant.
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By (A1), we have for large values of n

c+1
ZJ(unavn)
1 1
= —— (| Vg [P + |y, [P d:v—i—/ ——(|V0,| @ + |v, |9
/Wmo P 1 o [P®) 27 (70l o 1) da
*/ )\[a(x) |un,|7(m)+@|vn‘5(r) / (z, Up, vy) dzx
rv Y(T) ()

Un

1
> ——{|Vun [P+ u, [P — ZEF (2, up, v,) ) da
> [ AT £ P~ 2P (o 00)

1 n
+/ ——{|V, |7 4 Jp, |2 fv—Fv(z,un,vn)}d:r

q(x) 0
- ( ) (@) MU 5(2)7 o
- N<ﬁ = GVl ) i Tt 0) s 00)

)
+/ <i = IV 4 [0 9 d £/ [[unl?®) + o] 1) dz — C
RN qx) 92 2 RN

25 / (17200 ) 4 ) it 4 / (1Yo 4 [0, 1®)) de

1
- GTHDlJ(UmUn)”*m(-)Hunllp() - 972||D2J(un7Un)”*,q(-)HUn”q(-) -C,

where | = mm{(F - é) (q% _ é)}

Without loss of generality, we assume that [[v,|lq) < |lunllpe)y — o0, n =
1,2,.... Therefore for large enough n, we have

l - 1 1
et 12 glunllyey = (G lI1D (uns va)llepey + G-l D2 (s wn) lsg)llin oy = €

This is a contradiction. Thus {[|uy||p(.y} and {[|vallqy} are bounded. O

Lemma 3.6. . Suppose F' satisfies (A0)—(A3), {(un,vn)} satisfy J(un,vy) — ¢ >
0, where ¢ is the mountain pass level, J' (un,v,) — 0, X is small enough, passing
to a subsequence still labeled by n, we have

(1) {(un,vy)} has a nontrivial weak limit (u,v) € X or

/ EL(UWJUTL)UH dx+/ FN’v(unﬂjn)vn dx >0 > 0;
RN RN

(i1) If ¢ < J°°, then {(un,vy)} has a nontrivial weak limit.

Proof. (i) It follows from Lemma that {(un,v,)} is bounded in X. Without
loss of generality, we may assume that (un,v,) = (u,v) in X. If (u,v) = (0,0),
then Proposition implies

U, — 0 in L ()(R ),p(s) <

loc

vy — 0 in LZOM®N), ¢() < B() < ¢ ().

loc

(3.4)
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Since (up,vy) — (0 O) then Theorem [2.9] implies

/ AL |n|7<w dr = o(1) = / )\M\vn|5(w)dx.
RN 7 RN 6($)

(3.5)

Recall that (A0)—(Al) 1mp1y (A0’). Then from (A0Q’), (A3) and (3.4), it follows

that

’ v (Fu(x7 Un,Un) - ﬁu(un,vn))un d.’17|

S / |Fu(xaun7vn)_ﬁu(unzvn)‘|un|dx
|z|>R

+C (Jtn [P+ [t | + [0,]9®) + |0, |P®)) da
lz|<R

< (R) / (nP@ + i@ 4 J0,265) 1 o, @)
|[z|>R

i C/ () + 1|+ [ |7 + [0 7))
|z|<R
which implies
Fo(z,up, vp)uy, de = ﬁu(un, Up)Up dx + o(1) asn — +oo.

RN RN
Similar to the proof of (3.6]), we can verify

/ F,(x,up, vp)vn dx:/ ﬁv(un,vn)vn dx +o(1) when n — o0,
]RN

RN

/ F(z,up,v,)dz :/ F(upn,vn)dz +0(1)  as n — +oc.
RN RN

Since F(z,u,v) > 0 and J(uy,v,) — ¢ > 0, we have
D(up, ) — V1 (Up,vn) > J(un,v,) > C1 >0, forn = oo,
which together with (3.5)-(3.8) and J'(uy,v,) — 0 implies

ﬁu(un,un)un dx +/ ﬁy(umvn)vn dx > 6 > 0.
RN RN

(3.10)

(ii) By (A0), (3.1) and (3-2), there exist ¢, > 0 such that ( O, P n) €N

that is,
1
o [ (9 5 )
R
2 N
1 ~ Bl
=5 Fu(t}/(’lun, 2 vn)t}/alun dx
1
+9f F (tl/elun, v )t %20, da.
2

(3.11)

Suppose (u,v) is trivial, then 1} is valid. Noting that {(un,v,)} is bounded in

X. Obviously, there exist positive constants ¢; and ¢y such that

c1 <ty < ca.

(3.12)
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From (3.5) and (3.12)), we have

/ )\a(x) |t}l/91un|'y(x) do = o(1) = / )\M‘t;/%vnp(x) dx. (3.13)
STEY Ry 3(2)

Since J'(un,v,) — 0 and {(un, vy,)} is bounded in X, it follows from (3.6 and (3.7)
that

[ (9P 4 ) do
RN

B (3.14)
= Fo (2, U, vp)un dz 4+ o(1) = F(tn, Un)tn dz 4+ o(1),
RN RN
[ A9l 4 ) az
BY N (3.15)
= Fy(x, tn, vp)vn dz + 0o(1) = Fy(tn, vp)vp, dz + o(1).
RN RN

Obviously, there exist &,,7n, € RY such that

/ (Ivti/elunlp“”)+|t;/91unv’<m>)dm=t2(5f’) / (19l + Jun ) diz,
RN RN

a(nn)
/ (187920, 902 #2920, 1)) dr = 1,7 / (190 1) £ [0 d,
RN RN

which together with (3.11)), (3.14) and (3.15) implies

p(&n) - 1 a(nn) -
— [/ Fy(tn, vn)ty dz + o(1)] 4+ —t,, [/ F,(up, vp)v, dx + o(1)]
01 0 RN

RN 2
1 ~ A~ 1 ~ ER
= Fu (Y ", t2 o)t Py, de + — [ F,(tY Oy, t52 v,)t %20, da.
1 JRN 2 JrRN
Thus
1 p(&n) - 1 1-p(&n) -
e—tnsl (] [Futy O, t22 0)tn 7 iy — Foy(tn, v )un] da + o(1)}
1 RN
1 a(nn) - 1 1—q(¢n) - 3.16
+—t, { [Fv(ti/elun, 20 )t 2 vy — By (U, vn)vn] dz + o(1)} ( )
92 ]RN
=0.

From (A2), it is easy to see that
61—1 09—1
o F(z, 7 /% s, 71 /%4)s /|7 o and O3F(z, 7V s, 7Y/ %200t/ || 7z

~ 61—1
are increasing about 7 when 7 > 0; obviously, 8 F(7'/%s,11/%¢t)s/|r| 7 and

~ 6o —1
9o F(71/%15, 71/9:4)t /|7| 2 are increasing when 7 > 0. By (Al) and (3.16), we
have

(1) If t,, > 1, then

1 2ln) 01—p(n) -
0< o—tnel (tn ™ — 1)/ Fy(tn, vp )ty da
! By (3.17)

1 alm)  02-a(n) ~
+ =t (tn - 1)/ Fy(tn, vp)vp dz < o(1);
02 RN
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(2) If t,, < 1, then

1 P(Bﬁn) 91*91)(§n) —~
0< —t,t (11—t ™ )/ Fy(tn, vn)uy dz
RN

61
em) 03=a(en) N (3.18)
+ =t (1—t, ™ )/ Fy(tup, vp)v, dx < o(1).
92 RN
From (3.10), (3.12)), (3.17) and (3.18), it follows that
lim ¢, = 1. (3.19)
n—oo
Together with (3.5)), (3.8) and the definition of (u,,v,), we have
¢ = J(tn, vn) + 0(1) = J(thn, vy) + o(1). (3.20)
From the bounded continuity of Nemytskii operator, we can see
Tty vn) = T up, £/ %20,) + o(1). (3.21)

Note that ( 0, }/92"0”) e N. It follows from (3.19), (3.20) and (3.21)) that
c= j(t,ll/glun,t,l/egvn) +o(1) > J*®+0(1) = J*® >c.
This is a contradiction. (]

Proof of Theorem[3.1 From Lemmas [3.4] and we know that there exist a
bounded PS sequence {(uy,v,)} C X such that

J(Up,vp) — ¢ >0, J (U, vn) — 0,
where c is the mountain pass level of J. Moreover, from Proposition we have

un —u in LED@RY), p() < al) << p*(),

loc

B0) (RN (3.22)
vp — v in L (RY), g(4) < B() << q"(),
then
U, — u a.e. in RV, and v, — v a.e. in RV, (3.23)

Since ¢ < J°°, Lemma implies that (u,v) is nontrivial. It only remains to
prove that (u,v) is a solution for (1.1]). Since J'(un,v,) — 0 as n — oo, for any
(p,¥) € X, we have

/]RN (‘vun|p(w)_2vunv90 + |un|p(I)_2un9@) dx

- / {Xa(@)|un | @20, + Fy(@,un, v,) }o dz — 0
RN

[ (901290, 4 o o200 d

— / {)\b(a:)|vn|‘5(x)_2vn + Fy(z, tup, vn) }p dx — 0.
RN

Since {|unllp(y} and {[|vnllq.)} are bounded, for any (¢,v) € X, it is easy to see
that the following two groups are uniformly integrable in RY,

{(lunlP@ 7+ Aa(@)|[un "7 + [Ful@, un, va)]) - ]},

{(Jon] =1 4+ [A@) | [va @ 4+ [Fy (0, i, va)]) - [1} -
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Combining this, (3.23)) and Vitali convergent theorem implies
/ |t [P 20, 0 da —/ {Aa(@)|un | "~ 2u, + Fy(@, un, vp) b d (3.24)
RN RN
— / JulP@ =2y dx — / {a(z)|u] "0 + F,(z,u,v)}pdr  asn — oo,
RN RN
/ [0 |99 ~20,35 iz — / (@) |0 @20, 1 Byl wnyv)}de (3.25)
RN RN
— / [0]9®) =204 da — / {Ab(2)|v]° @2y + Fy(x,u,v) }bdr  as n — oo.
RN RN

Thus, to prove that (u,v) is a weak solution of (|1.1)), we only need to prove that
for any (p,%) € X there holds

/ Ve, [P =2V u, Vo da —>/ |VulP@2VuVpde, n— +oo,
RN RN

(3.26)
/ |V, |1 =2V, Vi) da —>/ |Vo|1®)=2VuVy de, n — 4oo.
RN RN

Choose ¢ € CSO(RN) with 0 < ¢ < 1, we have
(| Vn |P® 2V, — |[VwP @ 2Vw)(Vu, — Vw)dz > 0,Yw € X;.  (3.27)
RN

Since {(un,vy)} is bounded in X and J'(uy, v,) — 0, we have

/ [Vt P2V 1, ¥ (&t — 0)) + 1607211311, — )] iz
RN

(3.28)
= /RN Na(z)|un Y@ 2w, + Fy (2, un, vp)]d(un — w) dz + o(1),
for all w € X;. It follows from and ((3.28] - ) that
RN{[Aa(w)IunWHun + Fo(@, tn, )] — [un P20, b (un — w) da
— /RN (U, — w)|Vun PP 2V, Ve da (3.29)

— / O|Vw|[P @2V w(Vu, — Vw)dz + o(1) > 0, Yw € X;.
RN

Note that (uy,v,) is bounded in X, we may assume
(Un, vn) — (u, v) in X,
Vu, = Vu in (LPORN)V, (3.30)
Vo, — Vv in (L2 )(RN))N
VPO 2V, =T in (PO RN)N, (3.31)
V0, |2V 0, = 8 in (LTORN)N.
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Note that ¢ has compact support, letting n — 400, according to (3.24)), (3.29),
(3.30) and (3.31)), we obtain

/ {Da(@)|u" 7 2u + Fy(a,u,0)] = [uP2u}g(u — w) de

Y (3.32)

— / (w—w)TVédx — / O|Vw|[P @2V w(Vu — Vw) dz > 0,
RN RN

for all w € X;. On the other hand |Vu, [P ~2Vu, — T J'(uyn,v,) — 0, which
implies that

/]RN (TV + |ulP®~2up) de = /IRN Aa(z)|u]" @20+ Fy (2, u,0)]pdr.  (3.33)
Set ¢ = ¢(u — w), it follows from and that
/RN (T — |Vw|P D 2Vw)(Vu — Vw) de >0, Yuw € X;. (3.34)
Set w = u — &, where £ € X1, € > 0. From we have
/RN H(T — |Vu|P@®=2Tu)Vede >0, VEe Xy,
then
/N H(T — |Vu|P@®=2Tu)Vede =0, VE e Xy,
it is easy to see thz]ft
/RN (T — |VulP®2Vu) Ve dr = 0,V€ € X;.
Thus is valid. Therefore

/ (|[Vu|P@=2VuVe + [u|P®~2up) dx
RN

= / Na(z)|u]"® =2y + Fy(x,u,v)]pdz, Yo € X;.
RN
Similarly, we have

/ (V0|1 =20V + |v]7®)~20e)) da
RN

_ / Ab(@)[o]P@) 20 + B (2, u, v)] dz, Vb € X
RN
Thus (u,v) is a solution of (L.1)). O

3.2. Proof of Theorem Motivated by the property of translation invariant
for p-Laplacian, we get a sufficient condition for ¢ < J*°. To prove Theorem [3.2]
we need the following Lemma.

Lemma 3.7. If F satisfies (A0)—(A2), then for any (u,v) € X\{(0,0)}, there
exists a unique t(u,v) > 0 such that

(1) T((t(w, 0)) O, (t(u, v)) T2 v) = max )f(s%wsl/@zv),
s€|0,+00

(2) ((t(w,0)) O, (t(u,v))P20) € N,
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(3) The operator (u,v) — t(u,v) is continuous from X\{(0,0)} to (0,+400),
1
and the operator (u,v) — ((t(u,v))?1 u, (t(u,v))/?2v) is a homeomorphism
from the unit sphere in X to
Proof. For any (u,v) € X\{(0,0)}, define
g(t) = T/, t/%0), vt € [0, +o0).

(1) Similar to the proof of (3.11)), we have g(t) > 0 as ¢ > 0 is small enough, and
g(t) < 0 as t — +oo. Obviously, g is continuous, then g attains it’s maximum in
(0, +00).

(2) From (A2), it is not hard to check that (t'/%1u,t'/%20) € N if and only if
tg'(t) = 0; that is,

/ EE tel o )

1 so
/ [IWIW t"z s dz 4 |01 2t ] de

CD

1
:/Fl(tl/elu,tl/e%)—tl/(’ludx—|—/Fg(tl/alu,tl/ezv)—tl/e%dx,
0 01 0 02

which can be rearranged as

p(x)
/ —[|Vul? @' gy + |uP@t o " da
RN

a(x)
+/ —[|Vol? @15 L g + Jo]?@¢ o T da
ry O

1/6 1/6 F(41/6 1/6
_ iFl(t / ;ujlt / 2v)udx—|— 1 Pyt / ;ujlt /02q9)
ot t 191 a 02 t 292

It follows from and that the left hand is strictly decreasing with respect
to t, while the right hand is increasing. Thus ¢’(¢) = 0 has a unique solution ¢(u, v)
such that ((t(u,v))Y%u, (t(u,v))/%v) € N.

We claim that ¢(¢) is increasing on [0, ¢(u, v)], and decreasing on [t(u,v), +00).
Denote (uy,v,) = ((t(u,v)) % u, (t(u,v))/%v). Define p(t) = J(t*/% u,, t1/%20,).
We only need to prove that p(t) is increasing on [0, 1], and p(t) is decreasing on
[1,400). From (1), it is easy to see that there exists tx > 0 such that

_ T(+1/61 1/62
p(ts) max J(E M, 12 0,,),

vdx.

therefore p’(t4) = 0.
Suppose t > 1. By (A2), we have

P (t)
1 »@ 1 -
= / ~ ' 1(|vu*|p(m) + |u*|p(w)) dr +/ —t o 1(|vv*‘q(w) + |v*‘q(w)) dr
RN 91 RN 9

—/ ﬁl(tl/elu*,tl/azv*)itﬁ_lu*dm—/ Fg(tl/elu*,t1/92v*)it%_1v*dx
RN 61 RN 92

1 1
</ —(|Vu*|p(x) + ‘“*Ip(w))daz—i—/ —(\Vv*|q(””) +|U*IQ("D))d;v

~ 1 ~ 1
—/ Fl(u*m*)—u*dm—/ Fy(ts, v) —vs dz
RN 01 RN 92
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= j’(u*,v*)(iu*, —

01 " 02

Thus p(t) is strictly decreasing when ¢ > 1.
Suppose t < 1. Similarly, we have

Vi) = 0.

- 1 1

! t > Jl xy Uk 7 Wxy T

(0)> T (ur,0) (s -

Thus p(t) is strictly increasing when ¢ < 1. Therefore g(t) is increasing on [0, t(u, v)]
and decreasing on [t(u,v), +00).

(3) We only need to proof that (-, -) is continuously. Let (un,, vy) — (u,v) in X,

vy) = 0.

then j(tl/glum,t1/92vm) — A(tﬁu, t1/020)). We choose a constant ¢, large enough

oL
such that J (¢, u, té/ezv) < 0, then there exists a M > 0 such that

Tt "t 15/ % 0) < 0

for any m > M. Therefore t(um,vm) < to when m > M, then {t(tm,vm)} has a
convergent subsequence {t(um;, Vm;)} satisfying t(un,;, vm;) — t«. Thus

~

J((t(umg' » Umy; ))1/01umj’ (t(umg‘ » Umy; ))1/9zvmj) - j(ti/aluv 1/627’)'

From (1) we know that

~

Tty 0, )t (E iy, 0, )Y %20,
> T((# s 0) Y et (1 0)) 0,
and hence letting j — oo, we obtain
T O 1 %20) > T((#(u, v) YO, (H(u, v)0).
From (1), we have ¢, = t(u,v). Thus t(u,v) is continuous. O

Proof of Theorem[3.4 Let {(un,v,)} C N be a minimizing sequences of J, that is

~

lm  J(up,v,) = J* > 0.

n—-+o0o

Similar to the proof of Lemma we can see {(up,v,)} is bounded in X. Thus
there exists a positive constant x > 1 such that

/ (Jtn [P + |0, |7 dax < kyn =1,2,.... (3.35)
RN

We claim that for any fixed 6 > 0 andp(-) << a(-) << p*(+), q¢(-) << B(-) << ¢*(*),
there exist a £, > 0 such that

sup / || dz + sup / [0 |P@ dz > 2¢,, n=1,2,.... (3.36)
yERN J B(y,9) yERN J B(y,9)
Indeed, suppose otherwise. Then it follows from Proposition that
u, — 0 in L2ORY), ¥p() << af-) << p*(), (3.37)
vy, — 0 in LPORN), Vg(-) << B() << ¢*(-). (3.38)

We claim that
/ Fy(tn, Up )ty dz — 0, 1 — 400. (3.39)
RN
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For any € > 0, (A0)—(A1l) imply
Pt 0 ot < (a2 4 00 ]7) + C(E) a4 i),

and

19

|/ w(Un, Up)Unp, dac|
(3.40)

<— (Iunl”‘w)+Ivnlq“”))dx+0(s)/ (| + [0, [F®) s
2K RN RN

Combining (3.37)) and (3.38]), there exist Ny > 0 such that

0(5)/ (| + [on PV dz < £, n > No. (3.41)
o 2

From (3.35)), (3.40) and (3.41)), we have

‘ w(Un, Up, undx’<sVn>No

Thus (3.39) is valid. Similarly, we can get

ﬁv(un,vn)vn dr — 0, n — +oo. (3.42)

RN

Note that (un,v,) € N. It follows from (3.39), (3.42)) and ||(wy, vy )| — O that
T (tn, vpn) — 0.
This is a contradiction to lim,_. 4 j(un, vp) = J°° > 0. Thus (3.36) is valid.
From ([3.36)), without loss of generality, we assume that

yeRN J B

sup / |un|“(z) der >e,, n=12...
(,9)

We may assume that

/ |t |*®) d2z > = sup / |t |*®) d,
B(yn,0) yERN J B(y,5)

/ o |P@) dz > = sup / |0, [P diz.
B(ny,,0) yeRN J B(y,d)

From p(+) begin periodic, for any yy,,n,, there exist x,,&, € Q(z,, A) such that

N = N =

p(z) = p(yn — xn +2), ¥z € RY,
q(x) = q(n, — & + ), Yo € RY,
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Now we consider J(t'/% u,, (y, — x, + x), /%20, (0, — &, + ). Denote Jy (u,v) =

— Jg~ F(z,u,v) dz. Tt follows from (A2) that F(z, tf’ll u, tY/%20) /t is increas-
mg Wlth respect to t. Suppose t € (0, 1), it follows from ) that

Jl (tl/gl un(yn — Tn + {L‘), 751/92%(% - S’ﬂ :L'))
= otV 0y, t1/0%2y,) — / Fz, tY%%u, (yp — 2 + ), %20, (0, — &, + 1)) dz
RN
N
> 1" B B (uy, vn) — / F(,un (Y — T + ), 00 (0 — &n + 7)) da
RN
ot
- t{tmax{%’%z}fl@(um Un) — F(z,un(Yn — Tn + ), 05 (nn — &n + ) dx}.

RN
(3.43)
From (3.36) and the boundedness of {(u,, v,)}, we can see that there exists positive
constants C', Cy such that
C1 < [[(un, vn)|| < Ca. (3.44)

Since 01 > pT and 0 > ¢, there exists a fixed t, € (0,1) such that, for any
n=12 ..., we have

max{i i}—1
te 2T @ (up, vy) 7/ F(x,un(Yn — n + ), 00 (Nn — &, + 2)) d
) RN (3.45)
> §<I>(un,vn) >C3>0.
From and (3.45) -, we obtain
Jl(ti/elun(yn —Tp+x),t 1/921)”(77” — &) >t.C3>0, n=12,....
Suppose A is small enough. From the above inequality, we have
1
J(ti/elun(yn — T+ ), v (N — & 7)) > ft C3>0, n=1,2,.... (3.46)

Obviously, J(0,0) = 0 and J(tY/ % uy, (y, — xn + x),t1/92vn(77n — &+ 1)) = —00 as
t — 400. Thus there exist ¢, € (0, +00) such that

J(t}/glun(yn — T, + x),t,l/92vn(nn —&n + 1))

1 3.47
:ntf1>a§<J(thn(yn —a:n-l—x),tl/e"’vn(nn—fn—&-x)) > 0. ( )

It follows from (3.46) and the boundedness of {(u,,v,)} that there exist a positive
constant e such that
th>e n=1,2,.... (3.48)

Denote )

g(t) = j(tl/elun(yn — Ty + x)7t92 U’n(’rln — gn + {IJ))

Since {(un,v,)} C N, Lemma [3.7] implies
T(Un(Yn — Tn + ), 00 (N — En + 7))

= max T O (g, — i + ), 8% 0, (g — & + ).

Suppose A is small enough. From (3.3)), (3.47)), (3.48) and ([3.49)), we have

max J(tY 0w (yn — 2 + ), %20, (1, — €, + )

(3.49)
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= J(ti/elun(yn - Tp + 1), ti/%”n(nn —&n + 1))
< j(t,l/elu"(yn — Zy + ), t,l/egvn(nn — &+ 1))
alx b(x
* /I;N )\[ 'YEQ?;| ‘t;wlun(yn “ x)I“’(‘r) + |6§x;|t71/62vn(77n —&n + 1')|5(I)] dx
B 2;—+ /B( 5) |t76171un(yn — Tp + x)|ao(z) dx
T 7 Bola)
< j(tl/glu %U ) _ Tgoemax{a;r,ﬁ:}
- no T 2max{ag, B4}
+/ )\[\a(;v)| \tl/elun(yn —, _’_x)|~y(z) + |b($)‘ |t1/92vn(77n _gn +1,)|6(a:)]dx
v (@) " 6(z) "
~ Tgoemax{aj7ﬁj} .
S J(Un,'l}n) - m <J where C € Q(CCO,A) .
This completes the proof. ([l

3.3. Proof of Theorem [3.3] According to the [I7, Theorems 2.2 and 3.2], u and v
are locally bounded. From [I0, Theorem 1.2], u and v are locally C1'® continuous.
Similar to the proof of [I3, Proposition 2.5], we obtain that u,v € CL*(RYM),
u(z) — 0, |Vu(z)| — 0, v(z) — 0 and |Vv(x)] — 0 as |z| — oo.

Note 1. Let us consider the existence of solutions for the system
p"’(””)%VU,‘) + |u;
vi(@) =2y, 4 Fy (z,u1,...,u,) in RY,

u; € lepi(')(RN),

—div |V, pi(@) =2y,

= Aa; (@) |u;

i=1,...,n, where u = (uq,...,u,), suppose A is small enough, then the system
has a nontrivial solution if it satisfies the following assumptions:

(HO) p;(-) are Lipschitz continuous, 1 << p;(-) << N, 1 << 3(-) << pi(+),
i)
a;(-) € L7007 (RN), F e CL(RY x R”,R) and satisfies

|Fu, (2,01, .oy un)|
< O(Jug PP @ 4 g | @1 4 Z [Juj [P @2 @) 4 |gy |5 @)/ @i @)
1<j<n, j#i
where F,, = %F, a; € C(RN), and p;(-) < ai(-) << pi(-), where
(@) = Npi(z)/(N = pi(z)), pi(z) <N,
' 00, p(z) = N,

(H1) F € CY(RM x R™) and satisfies the following conditions
0 < s;iFs, (@, 81,...,80), Y(z,51,...,8,) ERN xR" i=1,... n,

1
0< F(z,81,...,8,) < Z gsiFsi(x,sh...,sn), Y(z,51,...,5,) € RN x R";

1<i<n *
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0;—1

(H2) For any (s,t) € (R x R), F,,(z,7"/%sy,...,7Y0%s.) /7 % (i=1,...,n)
are increasing respect to 7 > 0;
(H3) There is a measurable function F'(sq,...,sy,) such that
lim  F(z,81,...,8,) = ﬁ(sl,...,sn)
|| —+oo

for bounded ), _,,, |si| uniformly,

_ L
Flstreovsa)l+1 3 siFa(sseesa) SO 3 (s +]sil0),

1<i<n 1<i<n
for all (s1,...,s,) € R, and

|F(x,51,. -, 80) — F(s1,...,s0) <e(R) Y (|si”® +[s; ) when || > R,

1<i<n
|Fy, (2,51, 8n) — Fs (51, .., 50)]
< e(R){[si 7 4 [y (7
+ 3 [ @@ @@ 4 g @ @@ @D/ @)} when [z > R,
1<j<n,j#i

where £(R) satisfies limp_, 1o £(R) = 0.

F(x,81,...,80) > F(s1,...,85), Y(2,81,...,8,) € RN x (RT)",

F(z,81,...,8)

where p;(-) << of (1) << pi(-).
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