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EXISTENCE OF POSITIVE SOLUTIONS FOR p(z)-LAPLACIAN
EQUATIONS WITH A SINGULAR NONLINEAR TERM

JINGJING LIU, QIHU ZHANG, CHUNSHAN ZHAO

Dedicated to Professor Xianling Fan on his 70th birthday

ABSTRACT. In this article, we study the existence of positive solutions for the
p(z)-Laplacian Dirichlet problem
_Ap(x)“ = Af(z,u)

in a bounded domain Q C RY. The singular nonlinearity term f is allowed
to be either f(x,s) — oo, or f(z,s) — 400 as s — 01 for each =z € Q.
Our main results generalize the results in [I5] from constant exponents to
variable exponents. In particular, we give the asymptotic behavior of solutions
of a simpler equation which is useful for finding supersolutions of differential
equations with variable exponents, which is of independent interest.

1. INTRODUCTION

Let Q € RY be an open bounded domain with C? boundary. We consider the
existence of positive solutions for elliptic problems with variable exponent of the
form

—Dpyu = Af(z,u), ingQ,
u(z) >0, in€Q, (1.1)
u(z) =0, on 99,

where —A,,yu = — div(|Vu[P@~2Vu) with Vu = (9,4, Oz,u, . . ., 05y u) which is
so-called p(x)-Laplacian, p(-) is a function which satisfies some conditions specified
below, f : £ x (0,00) — [0,00) is a continuous function, and A > 0 is a real
parameter. Throughout this paper, we will denote d(z) = d(z, ).

In recent years, the study of differential equations and variational problems
with nonstandard p(x)-growth condition has been an interesting topic. The p(x)-
Laplacian arises from the study of nonlinear elasticity, electrorheological fluids and
image restoration etc. For example, electrorheological fluids have an extensive ap-
plications in robotics, aircraft and aerospace. We refer readers to [I1, 5], 19} (411, [42] [46]
for more detailed background of applications. There are many reference papers re-
lated to the study of differential equations and variational problems with variable
exponent. Far from being complete, we refer readers to [I, 2, [3] [6] [, [8] [, [10] 1T,
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12, 14, 20, 21} 22, 23, 24] 25, 26, 30, 31} (32} 33, 34, 135} 36, 39, [42] 43| 44, 15] 46]

and references cited therein. For example, the regularity of weak solutions for dif-
ferential equations with variable exponent was studied in [T} [7], and existence of
solutions for variable exponent problems was studied in a series of papers [3, [
12, 20] 24, 30} 33, [36] [39, [44], 45]. Recently, the applications of variable exponent
analysis in image restoration attracted more and more attention [16}, 17, 23] 2§]. In
this paper, our aim is to study the existence of positive solution for problem
with singular nonlinear term f.

Clearly, if p(-) = p, a constant, the operator is the well-known p-Laplacian, and
(1.1)) is the usual p-Laplacian equation, but for non-constant p(-), p(z)-Laplacian
problems are more complicated due to the non-homogeneity of p(x)-Laplacian. For
example, if €2 is a smooth bounded domain, the Rayleigh quotient

1 T
p() = 1 l(n-) 1 _jylp@) g
wew PO @\ (0} Jo pray /PP de

is zero in general, and A,y > 0 only under some special conditions (see [13]). It is
also possible the first eigenvalue and eigenfunction of p(x)-Laplacian do not exist,
even though the existence of the first eigenvalue and eigenfunction is very important
in the study of elliptic problems related to p-Laplacian problems. For example, in
[15], the author use the first eigenfunction and the first eigenvalue to construct
subsolutions. Fan [8] considered the eigenvalue problem of p(z)-Laplacian equation
with the Neumann boundary condition, the existence of infinite many eigenvalues
has been established. Benouhiba [2] studied the eigenvalue problem

—Apyu = AV (@) |u)?® 2, zeRY,

where 1 < p(-); q(-) € C(RY) and V(-) is an indefinite weight function. The
results show that the spectrum of such problems contains a continuous family of
eigenvalues.

There are many papers deal with the existence of positive solution for a class
p-Laplacian equation with singular nonlinearity (see [I5] [18] 37, B8, 40] Mohammed
[37], Perera and Silva —citepl, Qing and Yang [40] and Guo et al [I8] studied the
solvability of with A = 1,p(-) = p # 2 and f(-,-) satisfies various conditions.
In [38], the authors considered a boundary condition in a more general sense.

Mohammed [37] considered the existence and uniqueness of weak solutions of
the singular boundary value problem with constant exponent as follows.

—Apu = f(z,u), inQ,
u(z) >0, inQ,
u(z) =0, on 09,

where €2 is a bounded domain in RV with C'* boundary for some 0 < w < 1, and
singular nonlinearity term f(z,t) could show up when ¢ — 0%. Mohammed make
the following two assumptions:

(1) For each 6 € (0, 1), there is a constant Cy > 1 such that g(6t) < Cyg(t) for
all ¢t > 0;
(2) f(x,s) > a(zx) for any (x,s) € Q x (0, 0).
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In [1I5], the authors studied the existence of solutions of the nonlinear elliptic
problem with constant exponent,

—Apu = Af(z,u), inQQ,
u(z) >0, inQ,
u(z) =0, on 09,

where Q is a bounded domain in RY, 1 < p < N, f: Q x (0,00) — [0,00) is a
suitable function and A > 0 is a real parameter. The nonlinearity term f is allowed
to be either f(x,s) — 4oo or f(r,s8) — +oo as s — 07 for each z € Q, and the
assumptions (1) and (2) are not assumed.

Results on elliptic problems with singular nonlinearity are rare (see [29, [44]).
In [44], by using the sub-supersolution method, we studied the existence and the
boundary asymptotic behavior of solutions of the elliptic problem with variable
exponent,

—Ap(x)u = in

)

uY(@)’
u(z) >0, in €,
u(z) =0, on 09,

where Q € RY is a domain with C? boundary, A is a positive parameter which is
large enough.

Liu [29] generalized the results of [37] to p(z)-Laplacian by making the similar
assumptions. The condition (1) implies that g(t) < Ct™® when ¢ < 1 for some
a > 0, which is invalid for g(t) = e!/*, and the condition (2) is a bit strong in
some sense. Motivated by [15], in this rticle we partly generalized the results to
p(z)-Laplacian.

Before stating our main results, we make the following assumptions throughout
this paper:

(HO) p() € CY(Q), 1 < p~ :=infap(z) < pt :=supg p(r) < o0, p(-) < N.

(H1) f(x,s) <b(x)g(s) for all (z,s) € Q x (0,00), where g : (0,+00) — (0,+00)

is a continuous function, sg(s) is decreasing for s < 1; and b : Q — [1, 00),
b(-) € L*O)(Q), 1 < a(-) € C(Q), and o T <L forallz e
(H2) f(x,s) satisfies
lim inf M
s—0t sP”~1|lns|P
Theorem 1.1. Assume that (HO), (H1), (H2) hold. Then problem has a
solution when X is small enough.
Theorem 1.2. . Assume that (HO), (H1), (H2) hold. Also assume that
(i) there is a small & > 0 such that p(x) = p (a constant) for any x € Q with
d(z) < 6;

(ii) 1i£1 % = goo € [0,4+00), where € > 0 is small enough;
s——+o0 8P N

(iii) a(-) > N on Q.
Then problem (1.1) has a solution for any positive \.

Theorem 1.3. Assume that (HO), (H1), (H2) hold. Also assume that

(i) 8g—l(,') < 0 on 0N, where v is the inward unit normal vector of 0);

= +oo uniformly for x € Q. (1.2)
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(i) lim, oo 22—

(iii) a(-) > N on Q.
Then problem (1.1) has a solution for any positive constant \.

= goo € [0,400), where e > 0 is small enough;

Theorem 1.4. Assume that (HO), (H1), (H2) hold. Also assume that
(i) Equation is radial;

(i) limgs—too spg(fl)fi = goo € [0,400), where e > 0 is small enough.

Then problem (1.1) has a solution for any positive \.

This paper is organized as follows. In section 2, we will recall some basic facts
about the variable exponent Lebesgue and Sobolev spaces which we will use later,
and we will also give a general principle of sub-supersolution method. Proofs of our
results will be presented in section 3.

2. PRELIMINARIES

Throughout this paper, the letters ¢, ¢;,C,C; (i = 1,2,...), denote positive
constants which may vary from line to line, but they are independent of the terms
which will take part in any limit process.

To deal with the p(x)-Laplacian problem, we need introduce some functional
spaces LPO)(Q), Whr()(Q), Wol’p(')(Q) and properties of the p(z)-Laplacian which
we will use later. Denote by S(£2) be the set of all measurable real-valued functions
defined in 2. Note that two measurable functions are considered as the same
element of S(Q2) when they are equal almost everywhere. Let

LrO(Q) = {ues@): / u(z) [P de < 0o},
Q
with the norm
. u(x
|u|p() = |U‘LP(')(Q) = mf{)\ >0: / \(T)V’(z)dx S 1}
Q

The space (LP()(), | - |,(.)) becomes a Banach space. We call it variable exponent
Lebesgue space. Moreover, this space is a separable, reflexive and uniform convex
Banach space; see [14, Theorems 1.6, 1.10, 1.14].

The variable exponent Sobolev space

wrO(Q) = {u e LPO(Q) : |[Vu| € LFO(Q)},
can be equipped with the norm
ul| = Julpcy + [Vaulpey,  Yu € WHPO(Q).

Note that Wol’p(')(Q) is the closure of C§°(Q) in WP()(Q). The spaces WP()(Q)
and VVO1 () (Q) are separable, reflexive and uniform convex Banach spaces (see [14}
Theorem 2.1].

For u,v € S(Q), we write u < v if u(xz) < v(z) for a.e. z € Q. Let p(z,s) be a
Carathéodory function on 2 x R with property that for any so > 0 there exists a
constant A such that

|p(x,8)] < A for a.e. z€Qand all s € [—sg, s (2.1)
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Definition 2.1. (i) Let u,u € Wl’p(')(Q) N Co(Q) satisfy u,w > 0 in Q. We say u

loc

and @ are a subsolution and a supersolution of (1.1)) respectively, if
/ |Vg|p(x)72VgV¢ de < / M(z,u)odx,
Q Q

/|Vﬂ|P<I>*2vw¢dxz/Af(x,u)qsdx,
Q Q

for all ¢ € C§°(Q2) with ¢ > 0 and supp ¢ CC Q. We say u is a solution of (1.1)), if
it is both a subsolution and a supersolution of (|1.1]).
(ii) A function u € W20 (Q) N C(Q) is called a weak solution of the problem
_Ap(z)u = p(.’E, u)v in Qv

u(z) = p(x), on Q, (22)

where () € C(Q), if
/ IVulP®)2VuV ¢ da = / plz, u)p dr, Yo € C();
Q Q

(iil) u,@ € WP (Q) N C(Q) are called a weak subsolution and a weak super-
solution of the problem (2.2) respectively if u < ¢ and @ > ¢ on 9 and for all
¢ € 5o (), ¢ 20,

/ VulP) 2TV e de < / plx, w)p de,
Q Q
/ |VaP@2vave dr > / plz,0)p dx.
Q Q

Lemma 2.2 ([I2, Proposition 2.1]). The space (LPO)(Q), |- [,.)) is a separable,
uniform convex Banach space, and its conjugate space is LPO(')(Q), where p°(-) is
the conjugate function of p(-) satisfying ﬁ + p%m = 1. For any u € L*)(Q) and
v E L”O(')(Q), we have the following Hélder inequality

1 1
|/qud3:\ < /Q ] do < (== + o oy < 2l oo
Definition 2.3. Let u,v € WP (Q) N L>(Q). We say that —Ap,yu+ p(z,u) <
—Ap)v + p(z,v) in Q if
/ |Vu|p(x)72VuV¢) dz +/ plr,u)pdr < / \Vv|p(m)72VvV¢dz +/ plx,v)pdx
Q Q Q Q
for all ¢ € C°(Q2), ¢ > 0.
Next we give a comparison principle as follows.

Lemma 2.4 ([43] Lemma 2.3]). Let p(x,t) be a function satisfying (2.1)) and non-
decreasing in t. Let u,v € WP0)(Q) satisfy

*Ap(x)u“i’p(xvu) § pr(x)erp(:c,v), (ﬂf € Q)a
ifu<wv on 9Q, then u < v in Q.
Lemma 2.5 ([6, Theorem 8.3.1]). For every u € Wol’p(')(Q), the inequality

[ulp~(y < ClVulp,
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holds with a constant C depending only on the dimension N and p™ and independent
of Q.

()€
the

)

Lemma 2.6. Suppose the domain § has finite measure, i.e. |Q] < 400, p( ), q
C(Q), and 1 < p(z) < q(x) < N, for all z € Q. Then for every u € L‘J( Q)
following inequality holds:

[u|py < 2|Q\ﬁ_ﬁ|u\q(.)7 where & € Q.
Moreover, |uly.y < 2|QYN [uly. .y for all u € Wol’p(')(Q).
The basic principle of sub-supersolution method for (1.1]) can be stated as follows.

Lemma 2.7. Suppose that (HO) holds and u,u € VV&’C’)(')(Q) N Co(Q). Let u and
T be a subsolution and a supersolution of (L.1)) respectively satisfying u < uw. If

f € C(OxR,R), then has a solution u € Wﬁ)’f(‘)(Q)ﬂCo(ﬁ) satisfyu < u <.
Proof. Denote Q, = {x € Q:d(z) > 1/n}. Let
f(z, @), u

fla,u) =< f(z,u), u

flz,u), w

)

<,

IN A IV
e = =l

Consider _
—Apyu = Af(z,u), inQ,,

u(z) >0, inQ,, (2.3)

u(z) = u(x), on IQ,.
Since |f(x,u)| is bounded on €, and u € Co(R), it is easy to see that (2.3) has a
solution u,, satisfy u < w, <u. By [1Il Theorem 1.2], we can see that {w, }n>ne+1

has uniformly bounded C1'® norm on Q,,,. By the diagonal method, we can choose
a subsequence {uy,, } of {u,} such that

U, () = u(x), Vup,(z) — Vu(x), Vo € Q,
where u € Co(Q)NCH(Q). Thus u is a solution of and satisfilesu <u <w. O

3. PROOFS OF MAIN RESULTS

To study the existence of solutions of , we need to do some preparation
work. Note that by [10, Theorem 4.2], the following problem has a weak solution
wy, € WaPO(Q),

—Dpyw = b(x), in Q,
w(z) =0, on 0.

Since b(+) is nonnegative, by the comparison principle it follows that wy is non-
negative (see [43] Lemma 2.3]) and it is positive in  (see [43, Theorem 1.1]]). From
[10, Theorem 4.1], we see that wj, is bounded. Then we have w, € C1*(Q) and

aa‘ff > 0 on 02 from the following Lemma.

Lemma 3.1. (i) [7, Theorem 1.2] Let wy, be a bounded solution of (3.1)), then
wp € Cl’a(ﬁ);

(ii) [43] Theorem 1.2] Let wy, be a solution of [B.1)), z1 € 9Q, wy, € CH(QU{z1}),
wp(z1) = 0. If Q satisfies the inward-ball condition at x1, then %( 1) > 0, where
v is the inward unit normal vector of O on x.

(3.1)
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We will prove the Theorems T-4] stated in section 1 by using Lemma [2.7}
Next we will construct a supersolution of (1.1)) when A is small enough. Before we
begin the proof of Theorem we need some background.

Define
9(s), when s < 1,
gx(s) =4 9(5), when s > 1 and limsup,_, | Spf(%l)_s < 00,
g(1)s?” ~'7¢ when s > 1 and limsup,_, | Spg(fl)is = +o0.

Without loss of generality, we assume that gx(s) = Ci,s? ~!7¢ for s > 1. There
exists Mo = My(0) large enough such that
gu(s) < dosP 1 Vs> M. (3.2)
Now we define a continuous function § : (0, 00) — (0, 00) by

a(s) = sup { 220

It follows from (3-2) and the definition of § that
(i) g is non-increasing;
(i) 3(s) > 228 s >0

t>3}, s> 0.

p——17

(iii) g(s) < 0, for all s > M.
We also define a C!-function

Lemma 3.2. The function H satisfies
(i) H is strictly decreasing, and —H'(s) > 2oL HG).

p——1 s 7
(ii) g(s) < [H(s)]" ~ < g(s/2), 5> 0;
(iii) H(s) — +oo as s — 01, H(s) — 0T, when s — +oc.

H(s)

Proof. We only need to prove —H'(s) > %T’ the rest is easy to be verified.

By computations

—H'(s) = = 1_ T (% /:fz(t)dt) ”’1*1_1(832 /;g(t)dt + %(%g(

By condition (H1), when s < 1, s? §(s) is decreasing, then we have %g(%)ﬁ@(s) >0,
and then
1 /2 119 0 25— 1 H(s)
—H'(s) > (f/Atdt>p S g)dt > _—.
@2 [ a0 7 ) a5

Here we note that g(s) = C,s7¢ for s > 1. When s > 2, we have
201 s N 2/l s .
~(393) —a9) == (55 =57
2
s 2871 —1s ¢
2@ 1

=C
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=
and
i) = —— (2 [Ca0a)™ (5 [ a0+ 2Ga) - a0s))
> p_l_ : @ /:g(t)dt) p’l‘l_l(i /:g(t)dt+ (25 — 2)%[@@)&)
T /:g(t)dt) T (Ze - /:g(t)dt)
o H(s) 2
Cp—1 s
Note that s? §(s) is decreasing for s < 1. When 1 < s < 2, we have
25900 — 9 = 257 G1 9(5) ~ Ces™)
> 23657 Gy o) -0
= GG -5

1 _ _
= -5 (20 s — )
S

1
> 0, =s75(2° — 2)
S

Then we have

2 —=-1,2 [° 2.1,.s
—Hl = ~ p— —1 “ ~ Yo
1(3/ s0ar)™ (5 [ s+ GaG) - a66)
2 [° =l2 [ . 2 [°
—E / sar) (G [awas e -2 [ soa)
2 ~ p_l—l -1,2 & s ~
1<g / aar)”™ " (G@ - / a(t)dr)
2 —1H(s)
Cp =1 s
By summarizing the above discussion, we have
22—-1H
—H'(s) > 7ﬂ7 Vs > 0.
-——1 s
The proof is complete. O

As a consequence of Lemma [3.2] we can define the function

/ —dt s>0, (3.3)

for it is easy to show that n € C?(0, )
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Lemma 3.3. The function n satisfies
(1) n:(0,00) — (0,00) is strictly increasing;
(i) let vp =n~1t be the inverse function of n. Then v'(s) = H(1(s)),s > 0.

Denote Q, = {x € Q: wp(z) < o}, where o > 0 is a small positive constant.

Lemma 3.4. Assume that (HO) and (H1) hold. Then there is a supersolution v of
(1.1) such thatv € Wl’p(')(Q) N Co(Q) when X is small enough.

loc
Proof. Define
(2) = P(kywp(z)), z € Qy,
© w(x) F (ko) —o, € Q\Q,,
where wp is given by (3.1)), and k; > 1 is a constant. Obviously, v € Cy(2) N
Wl’p(')(Q). From the definition of g and g, Lemma and Lemma it follows

loc

that

(3.4)

V' (kiwy(x)) = H((kiwy () = H(v(z)),z € Qo
" (s) <0, for all s > 0.

We will prove this Lemma in three steps.
Step 1. We will prove that v is a super-solution of (1.1f) in £,; i.e.,

/Q |Vo[P@ =2V e d > /Q)\bg(v)qbdx > /Q)\f(x, v)¢ da,
for any ¢ € C§°(€2,) with ¢ > 0 and supp ¢ CC €2,. By computation, we have
/Q |VoP@ =20V ¢ da
= /Q[kltb/(klwb)]p(w)71|Vwb|p(x)7szbv¢ dx
= /Q |vwb|p($)—2vwbv {qﬁ[klw'(klwb)]pm_l} dr
= [ V60 = D ()P ) d
- /Q(/ﬁ)p(w)_l Ve [P =2V, Vplgny! (kwy )P~ In by (krwy) da.

By Lemma we have —H'(v) > E@ which implies

25— 1 H(v)

(k) = —H' () (k) = ~H(0HE) 2 ==

H(v).

Note that 0 < ¢; < |Vwy| < ¢g on Q.. Let o be small enough. We can see that v

is small enough in Q,, and H(v) is large enough in Q,. Then we have

22 -1, H 22—1. H

|Vwy|———k1 (@) >c——k1 ) > |Vp|Ink H(v).
p~—1 v -1 v

By computations, for any ¢ € C§°(Q2) with ¢ > 0, we have

- / ()P Ve [P () — D (a2 (ko)
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= —A(k1)p(x)|Vwb\p(z)¢(p($) — D)[H (¢ (krwp)JPO 20" (kyw) de

= */Q(kl)p(”IVwb\”(m)cb(p(x) — DH )" H (0)¢ (kiwy) da

pa)—12° =1 H(v)

d
p~——1 w “

> / (k)P [V P $(p() — 1)[H ()]
> / (k)P® Ve PO~ [Vl [0 (krooy)P ] In by H ()]
Q

Here we note that H(s) — +oo as s — 0% and v € Cp(Q). Then v(z) < 1 in Q,
and H(v(z)) > 1 for any x € , when o is small enough. Thus we have

/Q |Vo|P®)=2VoV ¢ de > /Q Ve [P =2V, V{ g1 ¢ (k10p) [P~V dae
= [ i )P 6 do
Z/Qb[le(u)]P‘*lqsdx
Z/Qbkf’*lg(v)gbdx
Z/Qbkflvi(v_)l¢dx
> [ batw)oda,

for any ¢ € C§°(€,) with ¢ > 0 and supp ¢ CC Q.
Then for any ¢ € C§°(Q,) with ¢ > 0 and supp ¢ CC §2,, we have

/|Vv|p(’”)_2VvV¢da:2/)\b(a:)g(v)q’)dacz/)\f(x,v)¢dx. (3.5)
Q Q Q

Step 2. We will prove that v is a supersolution of (1.1 in Q\Qy,; i.e.,
/ |Vo[P@ =2V e de > / M (z,v)pdx, Y € CF(Q\Q,), > 0.
Q Q

Let A be small enough such that Ag(v(x)) < 1, for all z € Q\Q,. For any ¢ €
Cs°(Q\Q,) with ¢ > 0, we have

/Q|W\P($>—2vq;v¢dx=/ﬂb¢dxz/QAbg(v)apdxz/QAf(x,u)qbdx. (3.6)

Step 3. We will prove that v is a super-solution of (1.1} in £; i.e.,

/\Vv|p(x)_2VvV¢dx2/)\f(ac,v)q’)dx,
Q Q

for all ¢ € C§°(Q2) with ¢ > 0 and supp ¢ CC €. Denote dy(z) = d(z, d(Q\Qy)),
and
2n(y; — di(w)), 5, <di(z) < g,
Enle) = 1, 0 < di(x) < 55,

0, other wise.

neN
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For ¢ € C§°(Q,), with ¢ > 0 and supp ¢ CC Q, we have ¢ = ¢1,, + 2. + D31,
where ¢1,, = dxg(1-&) € C5°(Q) satisfies supp ¢1.n € Qo, P2 = 9&n € C5°(Q),
and ¢3 , = ¢X9\m(1 —&,) € C(Q\Qy). Therefore,

/ IVoP@ =2V ¢ da
Q

— 1im { / IVolP® 20V gy, dz + / IVolP®) 20V gy da
Q Q

n—oo

+ / |Vv\p(z)’2VvV¢3yndx}
Q

> lim {/ /\f(x,v)<;517ndx+/ Af(x,v)¢3,ndx+/ \W|P<I>*2wv¢2,ndx}
Q Q Q

n—oo

:/ )\f(x,v)qbdx—i—/ M (z,v)pdz + lim / |Vo|P@) =20V ¢y, da
n—oo Q

o o

— / M(z,v)¢dz + lim / O VPP 2VuVE, d
Q n—oo Q
= [ M@oodet [ Gl (o) Trin P = [T d.
Q O(2\Qy)
Here we note that 9’(kio) = H(kio) — +00 as ¢ — 0F. Thus
[l o) Vi = [T ds 2 0,
A(Q\Q2)

and then
/\Vv|p(m)_2VvV¢dx2//\f(x,v)gbdac,
Q Q

for all ¢ € C§°(Q) with ¢ > 0 and supp ¢ CC Q. It means that v is a super-solution
of (|1.1)). The proof is complete. |

Proof of Theorem[I_1]. At first, we construct a subsolution for problem (I.1)). Since
09 is C? smooth, there exists a positive constant £ such that d(-) € C?(9€3;), and
|Vd(-)| = 1, where 0Q3, = {x € Q: d(x) < 3(}.
Let o € (0,¢) be small enough. Denote
ekdl@) 1, d(z) < o,
$(x) = { ko — 14 [ keko (2=L)iT5 it o < d(z) < 2,

b7 — 1 [P heho ()T, 20 < d(a),

where k > 0 is a parameter. It is easy to see that ¢ € C3(Q). By computations it
follows that

—k(kperd@P@=11(p(z) — 1) + (d(z) + 22\ Vp(2)Vd(z)
-|-Adk(”)], if d(z) < o,
{5 22 ) — () (1n ket (25440) 5 5) Vp(a) V()
oY1 20y 2@
+Ad($)]}(kue’“”)p( TG
if o <d(z) < 2¢,

0 if 20 < d(x).
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Denote 0 = %ln2f+. Then
1
ek = 257, (3.7
Let
p-—1
max, ¢ [Vp| +1°

p=-e*  where a =

(3.8)

Then ku < 1 when k is large enough. If k is sufficiently large, it is easy to see that
— Dpyd <0 < N f(z, ), d(z) < o. (3.9)

Since d(-) € C?%(Q3¢), there exists a positive constant C3 such that |Ad| < C3 on
B
Q3. Note that the definition of o means ([3.7)); i.e., €¥ = 2»7. When k is large
enough, we have

- Ap(x)ﬂ(b

eka p(z)—1 20— d(ﬂ]‘) %*1 2(p($) — 1)
< (e =) ‘(26—0)(]9’—1) (5.10)
20 — d(x) wo 20 —d(x), =2 :
— (G [ kuete (= 22) 7T Vp(a) Vd(z) + Ad(a)]|

< C(kp)P@ N Ink +1np|, o <d(x) <20

When k is large enough, we can see that u is small enough and moreover, ku < 1.

Combining , and together, we have
— Dyt < Cy (k)P In g
< Cy(ky” "yl
< Cia' P P THnpfP (3.11)

< Co(ng)” ~'npol”
<Az, pd), 0 < d(z) < 2¢.

Obviously
= Apyud =0 < Af(x, ug), 2¢ < d(). (3.12)
Combining (3.9), (3.11) and (3.12), we can conclude that
= Apypd < Af(w, ), ae. in Q. (3.13)

Here we note that pu¢ = v on 99, and uVe¢ < Vv near 0f2, then ugp < v on
when 4 is small enough. By Lemma[2.7 and Lemma[3.4] (1.I) has a solution. The
proof is complete. O

To prove Theorem [I.2] we need the following Lemma, which is useful for finding
supersolutions of ([1.1)). We denote by Cj the best embedding constant of WO1 ! Q) C

L%(Q) (see 4, Lemma 5.2]); i. e.,

lul pvsev 10y < ColVaulpiq)  for ue Wy (9Q). (3.14)

Lemma 3.5. Suppose 0 < b(-) € L*)(Q), N < () € C(Q). Let M > 0 and u be
the unique solution of the problem

— div(|Vu|P®2Vu) = Mb(z), in Q,

(3.15)
u=0, on .
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Set

_ p
- _1
200()| Lo (o [UY =7 Co

2]

Then |u|oo < C*MY @™ =1 when M > py and |u|os < C, MY ® =1 when M < po,
where C* and C, are positive constants depending only on p™,p~, N, |b(-)|; a- @) |
and Cy.

Proof. Let u be the solution of (3.15). Then u > 0. For k > 0, set Ay = {z € Q:

u(xz) > k}. By taking (u — k)T as a test function of (3.15)), it follows from (3.14)
and Young inequality that

/ \VulP®de =M | blu— k)dx
Ay A

< Mb() v apl(w = k)T | pvsav-1)(ay)

< MID() | pa- | AN 727 [(w = B) | pvyov -1 ay
1 _ 1 _

S]Mlb(')‘Loﬁ(Q)|Ak|N D‘700/ S\Vu\e 1d1‘

k

(<e\w|>p<z> <sl>P°<z>)dI

S M b . . A %704%0 / +
()] o= (0 [ Ak] 0 ™ p(x) pO(z)
1 _ 1
< MIBC) o @ [T CO/ P @) |y P dg
p- Ay

1 _ 1
+M|b(-)‘La_(Q)|Ak|N - CO/ 67p0(m)dx.
Ag

(p*)°
(3.16)
When M > pg we can take
= ( e T LR L)
2M‘b(')|La*(Q)|Q|N7FOO M
then ¢ <1 and
1 1
N N oo
M) e ()Y C"/ /@) V) da
b Ay
1 1
M|b()| o= N QY o= Coy  _
< LRUZROI Zer / VulP) da
P Ay,
1 (@)
== |Vu|P' de.
2 Ja,
Consequently, from the inequality above and (3.16)) it follows that
Y. Yy
e o [ An F 2
/ |Vu‘p(m)dx < 2M1b( )‘La (Q+)|A’;1k| CO/ €_p0(x)dq;
A (p*) Ay (3.18)

2MIb()|; o
< | ()‘L (Q)O
(p*)

-()°
COE ‘Ak|1+%7"‘%'
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Note that b(-) > 1. From (3.15) and (3.18)), we have
1

1 1
/ (u—k)dz < [ b(w)(u—k)de = < / (VuP@ dz < ~|AL "V 5=, (3.19)
Ay Ay Ay

where
_.0
2b()| o~ () Coe~ @)
v = (z(v +))0 (3.20)
By the [27, Lemma 5.1, Chapter 2], (3.19) implies
a” N 11
[uloe < 7(=2— + 12O (3:21)
From (3.17), (3.20) and (3.21]), we see that
[uloo < C* M), (3.22)
where
o= 1 _ 1 —\0
oF = (5 + 1)2(2Cob(-)] o () |QI¥ "= )@ (3.23)
- (pt)0(p=)@)°/p™ ‘ '
When M < pg, take
e= = ) = oy
- 1 1 - :
2MIB() | po- () [UN 27 Co M
Note that in this case € > 1. Using similar arguments as above we obtain
1|0 < oMY@,
where
— 1 _ 1 +10
R e L0 Py
T () e |
The proof is complete. O

Lemma 3.6. Suppose there is a small & > 0 such that p(x) = p (a constant) for

any € Q with d(z) < § and N < a(-) € C(). Let M > 1 and u be the unique
solution of the problem
— div(|Vu|P®=2Vu) = Mb(z), in Q,

(3.24)
u=0, on 09,

where 0 < b(-) € L*O(Q). Then |Vu(-)| < CM»=1 on 99.

Proof. By Lemma we have u(x) < C’#szlfl for all z € €. Let ug be the
solution of the following p-Laplacian equation (with constant exponent)
—div(|Vuz [P~ 2Vug) = xb(x), in Q,
ups =0, on 0,

where 5 is a positive parameter.
It is easy to see that us € C1*(Q2). Then % > 0 on 0f), where v is the inward

unit normal vector. We can also see that ug > 0 on 9(Q\(2.) when e € (0,9) is
small enough. Let » be large enough, we have uy > 2C4 on 9(2\). It means
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a1 1
that ugM»=-1 > u on 0Qc. Define uz = ugM»=-1. Since p(z) = p for any x € Q
with d(z) < §, we have

— div(|Vus PO 2 Vuy) = — div(|Vus [P~ 2Vug) = M7 15b(z) > Mb(z) in Q..

Therefore, ug = unglfl > won  and |Vu| < |Vug| < CM7 =1 on 8. The
proof is complete. O

Proof of Theorem[1.Z At first, we construct a supersolution of (L.1). Denote ko =
Y(k10). Let wy be the solution of the problem

—Apmws = bk TTE i\,

ws >0, in Q\m,
we =0, on d(N\Q,).
Define

wo(z) + P(k1o), =€ Q\Q,. (3:25)

For a large enough constant ki, we will prove that vy is a supersolution of (1.1)) in
three steps.

Step 1. When k; is large enough, we will check that vy is a supersolution of (|1.1))
in Q,, namely,

/|va\p(x)_2Vv2V¢dx2/)\bg(vg)(bdxz/)\f(m,vg)cﬁdx,
Q Q Q

for any ¢ € C§°(Q) with ¢ > 0 and supp ¢ CC Q. As in the proof of Lemma[3.4]
we only need to prove that

vo(z) = {dj(klwl?(f))a r € Qy,

p(z)—1 2 —1 H(’UQ)

[ P Tl o p(a) — D) 2 da
e ol (3.26)
> /(k‘l)p(ﬁ)_l|Vwb|p(”“')_1|VP|[¢¢'(k1wb)p(I)_l]|1nk1H(02)|d$a
Q
k1 H(va(x)) > 1,Vz € Q,, (3.27)
kPt

We can see that (3.26]) is valid, provided

-1 H 2*—-1 H
|Vwy| ———F1 (v2) >a——h (va)
p~—1 V2 -1 v

> |Vp||lnki H(ve)| in Q,. (3.29)

According to the assumption on g, without loss of generality, we assume that
g(s) >cstfors <1, and g(s)=cs’ for s > 1,
where § = p~ — 1 —¢e. Thus

G(s)>cs7P for s <1, and §(s)=cs"T17P fors>1,

64+1—p—

H(s) > 01371’5*1 for s <1, and H(s)=cos »~—1 for s>2,

+-2— 2-—— -
N(s) <egs "p -1 for s <1, and c¢gs° -1 <n(s) <cps” -1 for s > 3.
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Then (s) satisfies

20 2_ _ 6
crs” p -1 <ap(s) <cgs” p -1 for s > 3.
Let sg > 3 such that 7(sg) > 3. Denote
QF ={z€Qy t kiwp(x) > n(s0)}, Q) ={z € Qy : kywp(z) < n(s0)}-

Here we note that vy = 9(kjwp) on Q,. Since 1 is strictly increasing, we have
kywp > n(sp) if and only if vy = (kywp) > ¥(n(s0)) = so > 3. When vy > s, we
have

20 g,i
cr(kiwy)” P~ -1 <wy <cg(kiwy)” P -1 on QF,

%994@7*1)_ %994@7*1»_
colkiwy)” 71 7 < H(v) <crolkiwy)’ 71 7 on Qr,

-1 H e (D
1k1 1(}1}2) > cirkr (kwp)” 1 '

C11 _ C11
=——>-"—onQf,

Wy g

|Vwb|

|Vp| Inki H(v2)| < |Vp|(Inky + | In H(v2)])
< |Vp|(Ink; + cia|Inkjwy|) < ci13lnk;  on QF.

Denoting o = —51—, we obtain
ci13Inky
22—-1 H 22—-1 H
V| EAC VP, 1 2) S O ik H(ws)] om Q2.
p~—1 Vg p~—1 v

Since 1 is strictly increasing, we have kywy, < n(so) if and only if vy = ¥(kiwp) < sp.

Note that H(v2) is decreasing. It follows that H(ve) > H(sg) on Q. Thus

is valid when k; is large enough. Thus (3.29)) is valid, and then is valid.
Obviously,

k1H (v2(z)) > k1 H (3 (k10))

19 O0+1—p
C11 2— p~—1
> kico(ky ) et
C13 In kl
19 19 6+1—p
2——0 C11 2—-—0 _ p——1
= Cg(kj1> p~—1 ( ) p——1 — +OO,
C13 In kl

for all x € Q, as k1 — +o00. Thus (3.27) is valid.
Note that pf%_l < 1. Then by the above computation,

1 1
[Z]

S—— =
vg < Cs(klwb)2 pmo1 < 08(k10)2 -1 <Ky

as kj is large enough. Thus (3.28]) is valid.

Step 2. We will check that vy is a supersolution of (1.1 in Q\Q, when k; is large
enough; i.e.,

/|WQ\P<$>*2WQV¢dxz/Abg(vg)wxz//\f(x,vz)gbd%
Q Q Q

for all ¢ € C°(Q\Q,), ¢ > 0. By the definition of wy and Lemmas and we
have

——-1-5 —_1-£
P p 1-35

wy < Cy(ka) »=—1 ,  |Vwy| < Co(ky) 77
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Since vy = wo + 1P(k10) in Q\Q,, we have

1 p——1— £
P 1-5

p—— po1-%
cr(kio)” v 1 <ap(kio) vy < Cika) v +1p(kio) < (C1 + 1Y (ko).
Since kio = Cf;}r]f}cl is large enough (as long as k; is large enough) and v (-) is large

enough in O\, the assumption (ii) of Theorem implies that [(g()i]&i(_z_)i_i is
o (x)]P 2
small enough. Therefore, we see that

Note that ks = t(k10). We have

—_1-¢£
P 1-5

v(@)? TE<(Cike) T (ko)) TR <Ok TR, ve e\,

which implies

e p—1-z_ 9(v2(z))
(k2) = CsA(k2) [v2(z)]P 15

We can see that vy is a supersolution of (1.1 in Q\Q,; i.e., for any ¢ € C§°(Q\Q,)
with ¢ > 0, we have

> Ag(va(z)), Vo Q\Q,.

/\Vv2|p($>—2w2v¢dx:/bk{‘“%dm
Q Q

(v)
it

£
2

> / AbC3kE T1TE
Q

> /Q A (2, 02) da

Step 3. When k; is large enough, we will prove that vs is a supersolution of (|1.1J)
in . When wy(x) = o, it is easy to check that

k' (kiwy) = k1 H (v2)

=co(ky) 1o w1 Pt
— c — 19 9+£:P17
=colk) 0131111]61 2 :
Then
P15 B e
Vil < Ofh) 71 < OB TS T < (D)

as k1 — +oo. Thus we know that
(k! (kywy ()| Vwp (2))P@ 1 — | Vwy (2)[P@) =1 > 0,  when wy(z) = 0.

Therefore, when o = ¢11/(c13Ink;) and k; is large enough, similar argument as to
the step 3 of the proof of Lemma implies v9 is a supersolution of (|1.1)).



18 J. LIU, Q. ZHANG, C. ZHAO EJDE-2014/155

It is easy to see that pu¢ defined in the proof of Theorem [I.1]is a subsolution of
(1.1) and p¢ < ve when p is small enough. By Lemma we can get the existence
of a solution to (|1.1). The proof is complete. O

Proof of Theorem[1.3. At first, similar to the proof of Theorem we will prove
that vy defined by (3.25]) is also a supersolution of ([1.1)) for a large enough constant
k1.

Similar to the proof of Theorem we consider the solution wy of the problem

—Appyw2 = b(x)kgiflig, in Q\Q,,
wa(r) >0, in Q\Qy, (3.30)
wa(r) =0, on I(N\Q,),
where ko = ¢(k10). We have

p”—1-5

ws < Ch(ky) 71
Next we only need to prove that
p”—1-§
|Vw2| SCQ(kQ) pT—1
p”—1-5
Now we consider (vka2) s wp, where v > 1 is a constant. Here we note that
Vwp - v = |Vwy| on (Q\Q,) and Vp - v < 0 on d(Q\Q,), where v is the inward
unit normal vector on O(Q\€),). There exists a small enough positive constant
d > 0 such that VwpVp < 0 in (Q\Qig)(;# = {x € O\Q, : d(z,0(Q\Q)) < 6}. By
computations it follows that
pT—1-%§
- Ap(w)(’ka) PTol W

p——1— £
P 1-3

x)— p”—1-% _
= (vko) »~ 1 (b 1)(_Ap(a:)wb_ ?IQW%P’(’”) 2Vw,Vpln vks)

—_1_¢
P 1-3

> (7k2)ﬁ(p(x)_l)(—AP(1)wb)
> b(yka)? T17F in (Q\Q,)F

Since wy, is positive and continuous, there exists a large enough positive  such that
p”—1-5 p_—1-§

NPT wy > 20 for d(z,0(Q\Q,)) = 6. Therefore (vkz) 71wy is a supersolu-
pT—1-5

tion of ([3.30) in (Q\Qia)j;7£ By the comparison principle, we have (vks) »=—1 wy >

w9 in (Q\@)f, and then

pT—1-5 p—1-5

|Vws| < |(vka) #= 1 Vuwy| < Ca(ke) »~*  on 9(Q\Qy).
Note that

max ws(z) < C3(ks) —
zEQN\Q
and ky = ¢(ky0o). Since vy = wy + ¥(kyo) in Q\Q,, we have

1

crlkio)’ 71 < (ko) < v

< max wo(x) + (ko)
zeM\Q,
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p”—1-5

< Cylhy) 71 + (ko) < Catp(kro).

As in the proof of Theorem we can see that the vy defined in the proof of
Theorem [1.2|is a supersolution of (|1.1)).

It is easy to see that p¢ defined in the proof of Theorem [I.1]is a subsolution of
([L.1), and ¢ < vy when p is small enough. By Lemmal[2.7} we obtain the existence
of solution of (1.1f). The proof is complete. O

Proof of Theorem[I.]] The proof is similar to that of Theorem [[.2] We will prove
that vy defined in is a supersolution of for a large enough constant k;.

Since is radial, we may assume the both solutions wy(-) and wy(-) are radial.
We only need to prove that vo defined in is also a supersolution of for
a large enough constant k;. Since wy is radial, it is easy to see that

pT—1-5 p”—1-%5

wy < Ci(k2) »=—1 ,|Vws| < Ca(kz) »

Similar to the proof of Theorem we can see that the vo defined in (3.25)) is a
supersolution of (|1.1). The proof is complete. O
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