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Pleanmani: Graham's Pebbling Conjecture for the Product of a Graph and a Clique

Abstract

For connected graphs G and H, Graham conjectured that 7(GOH) < 7(G)n(H)
where 7(G), 7(H ), and 7(GOH) are the pebbling numbers of G, H, and the Cartesian
product GOH, respectively. In this paper, we show that the inequality holds when H
is a complete graph of sufficiently large order in terms of graph parameters of G.

1 Introduction

Throughout this paper, all graphs are considered to be finite and simple. For a graph G,
we denote the order of G by |G|. For a positive integer n, we denote K, to be a complete
graph of n vertices. For basic definitions and terminologies not mentioned here, we refer the
reader to the book of West [10].

Given two graphs G and H, the Cartesian product of G and H, denoted by GLIH, is the
graph with the vertex set V(G) x V(H) and the edge set

{(u,v1)(u,v9) : u € V(G) and vivg € E(H)} U {(u1,v)(u2,v) : ujug € E(G) and v € V(H)}.

We note that GUH is connected if and only if G and H are both connected. For more
detail treatments of graph products, we refer the reader to [7]. In order to study graph
products practically, we need some definitions that consider the product of sets A and B. In
particular, if C' C A x B, we define p;(C) = {a : (a,b) € C where b € B}. For a function f
from a finite set I to the set NU {0}, we recall that ). , f(i) = 0 whenever I = (). And we
use this convention for Lemma 2.1 and the proof of Proposition 2.1. Moreover, for graphs
G and H, we denote SOH and GOT the induced subgraphs of GOH induced by S x V' (H)
and V(G) x T, respectively, where S C V(G) and T'C V(H).

Let G be a connected graph. A (pebbling) configuration on G is defined to be a function
D : V(G) - NU{0} or we can say that D distributes »_, .y ) D(v) pebbles on G. A
configuration D on G is said to be mowveable if there exist two adjacent vertices u and v such
that D(u) > 2. For a moveable configuration D on a graph G and adjacent vertices u and v
with D(v) > 2, the (pebbling) move from u to v in G is defined to be the triple (D, u, v) and
we denote it by D(u — v) for convenience. For a move D(u — v) in G, the configuration

D" :V(G) - NU{0} defined by

D(z) -2 ifx=uwy
D'(z) =< D(x)+1 if z=u;
D(x) otherwise

is called the configuration with respect to D(u — v). Let D be a moveable configuration on
a graph G. A D-moving sequence in G is a finite sequence of moves D;(u; — v1), Do(ug —
v2), ..., Dp(u, — vy,) such that D = Dy and D; is the moveable configuration with respect
to D;_1(u;—1 — v;_q) for every i € {2,...,n} and we write u; — vy, us — Vg, ..., Uy —> Uy
for convenience. For a vertex r of G, if r appears in some D-moving sequences or D(r) > 1,
we say that one can pebble r under a configuration D on GG or we can say that D is r-solvable
on GG. Furthermore, a configuration is solvable whenever it is r-solvable for every vertex
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r. It is unsolvable otherwise. Given a configuration D on a connected graph G; we call
> wev(c) D(v) the size of D and denoted by |D|. In a Cartesian product graph GUH, |D,|
denotes >, oy ) D(x, v) for each x € V(G). The pebbling number of a connected graph G,
denoted by 7(G), is the smallest integer m such that D is solvable for every configuration D
on G with |D| > m. We note a basic fact, mentioned by Chung [1], of pebbling number of a
connected graph G that 7(G) > |G|. For a survey of graph pebbling we refer the reader to [5],
[6] and [8]. Now, we introduce a new graph pebbling parameter called the support number
which is actually an extension of the pebbling number. The support of a configuration D on
a connected graph G means the set {v € V(G) : D(v) > 0}. For a connected graph G and
a positive integer n, the n-support number of GG is the minimum m such that D is solvable

D(v)

for any configuration D on G with >~ v ) {—J >m if n < 7(G). It equals 1 otherwise.

Obviously, the 1-support number is actually the pebbling number. Additionally, we denote
the 2-support number of G by 7(G).

One of the interesting topics in recent graph pebbling is the Graham’s conjecture which
introduced by Chung [1]. It is about an upper bound of the pebbling number of the Cartesian
product of graphs as follows:

Conjecture 1.1. [1] If G and H are connected, then
m(GOH) < 7n(G)n(H).

Chung [1] showed that the conjecture holds when H is a complete graph and G is a
graph satisfying the so-called 2-pebbling property. Such property plays an important role in
verifying the conjecture for certain families of graphs. In case H is a complete graph, it is
in general still open by Herscovici [4]. However, we make progress toward this work from a
different perspective by focusing on the order of the complete graph H in terms of 7(G) and
|G| as we see in the next section.

2 Main Results

In this section, we will prove Theorem 2.4 by means of the technical Lemma 2.2 about the
2-support number.

Lemma 2.1. Let G = (V, E) be a connected graph, S be a subset of V and D be a configu-
ration on G. Then we have

> o) -n Y |22 < -l - 1s)

veV\S veV\S

for any positive integer n.

n

Proof. The inequality holds since D(v) — n LMJ <n-—1foreachv e V. O

We see that the configuration D on G defined by D(v) = n — 1 for each v € V attains
the upper bound in Lemma 2.1.
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Lemma 2.2. For a nontrivial connected graph G and a positive integer m greater than 1,
we have
7(GOK,,) < 7(G).

Proof. Let V' = V(GUK,,), D be a configuration on GUK,, with -,y L@J > 7(Q)

and (r,t) be a vertex of GUK,,. Let M = {(z,y) € V' : D(x,y) > 1} and let M, =
{z € V(K,,) : (z,2) € M} for each x € p;(M). Then we can pebble (z,t) with at least

> e, LD(?Z)J pebbles for each x € p;(M) since 7(K,,) = 1. Let D’ be a configuration

on GOK,, after pebbling (z,t) with at least > ., LD(“ J pebbles for all = € pi(M). It
follows that

Y Denc Y Dans Y Z[

zeV(G) z€p1 (M) z€p1 (M) zEM,
D
- > |75 =m0
(x,y)eV’
Hence we can pebble (r,t) within the induced subgraph GO{t}. O

Lemma 2.3. Let G be a nontrivial connected graph with V=V (G). For a positive integer
n, let D be a configuration on GOK,, and (r,t) be a vertex of GOK,. If S is a proper subset
of V' containing r such that 3 o\ g |Da| = n(|V\ S|) 4+ 27(G), then one can pebble (r,1).

Proof. Let V' = V(GOK,) and S’ = V(SUK,,). By Lemma 2.1, we obtain that

D(z,y /
> ¥ |22 X |- vi-1s)
(z,y)EV'\S’ (z,y)EV'\S’
= D Dl | = @G =nlSh= | D D] | —n(lG] —19])
zeV\S zeV\S
= Z Dy | —=n|V\S|>nlV\S|+27(G)—n|]V\S|
zeV\S
=27(G).
By Lemma 2.2,
D(z,y) D(z,y) N
> > >
> { 5 J_ >y { 5| 2 m(G) = A(GOK,).
(z,y)eV’! (z,y)eVI\S’
Therefore, we can pebble (r, ). ]

Now, we are ready for determining an upper bound for the pebbling number of the
Cartesian product of a graph and a complete graph.
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Proposition 2.1. For a positive integer n and a connected graph G, we have
m(GOK,) < n|G| + 27 (G) — 2.

Proof. Let V =V (G) and V' = V(K,). If |D,| > n, then we can pebble (r,t). In addition,
we can assume that |D,| <n — 1. We now consider the following two cases.
Case 1: |D,| <n—2.

Clearly,

S™ 1D, = DI = D, 2 |D| = (n— 2) = (nlG] + 2(G) — 2) — (n—2)
zeV\{r}
=n(|G| = 1) + 27(G) = n|V \ {r}| + 27(G).
By Lemma 2.3, we can pebble (r,t).
Case 2: |D,|=n—1.

If D(r,v,) > 2 for some v, € V' \ {t}, then we can pebble (r,t). So we can assume that
D(r,v,) = 1for allv, € V'\{t}. Since n(|G|—1)+27(G)—1 > n(|G|—1)+1, there are at least
n(|G| — 1) + 1 pebbles distributed by D on n(|G| — 1) vertices in V(GOK,) \ V({r}0K,).
By the pigeonhole principle, D(g,u) > 2 for some (g,u) € V(GOK,) \ V({r}0K,). Let
g = wi,Wy,...,w, =1 be a g,r-path in G. Obviously, m > 2 since g # r. Note that

Y. D= Y D =D =D = |D| - (n—1)
z€V\{wm} zeV\{r}
= (n|G|+27(G) —2) — (n—1) =n(|G] = 1) + 27(G) — 1.
This implies that V' \ {w,,} # 0 since n(|G| — 1) +27(G) — 1 > 27(G) — 1 > 0. In this case,
we can succeed within m — 1 steps.

Step 1.
If D(wp,—1,Vm-1) > 2 for some v, € V', then we move

hd (wm—hvm—l) — (wmut) - (T7 t) if vy, =t

® (W1, Vm—1) = (Wm, Vm—1), (Wi, Vm—1) = (Wi, ) = (r,1) if vy # L.
In addition, we can assume that D(w,_1,v,m-1) < 1 for all v, € V', ie., |Dy,, | < n.

o If D(wy—1,vm-1) =1 for all v,,_; € V', then |D,, .| =n and so

Z |Ds| = Z [ Dz| | = | D1

2€V\{wm—1,wm} zeV\{wm}

= Z Do | = n

zeV\{wm}
= (n(|G| - 1) +27(G) — 1) — n
=n(|G| —2) +27(G) — 1.

This implies V\ {wp—1, wn} # 0 since 37 i 1y 1Dal 2 0(|G]—=2)+27(G) =1 >
21(G) —1>2|G| —1 > 0. So |G| > 3 and we go to Step 2.
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o If D(wy—1,Vm-1) = 0 for some v,,_y € V', then |D,,, ,| <n —1 and so

Z | D, | = Z 1Dz | = [Days|

zeV\{wm—1,wm} eV \{wm}

zeV\{wm}
— (|G| — 1) +27(G) — 1) — (n — 1)
=n(|G| —2) +27(G)
=n|V \ {wn_1,wn}| +27(G).

By Lemma 2.3, we can pebble (r, ).

Stepi(1<i<m-—2).
If D(wy,—i, Um—) > 2 for some v, ; € V', then we move

° (wmfia Umfi) — (wmfz#ly Umfi): cey (wme, vmfi) — (wmfla Umfi)a (wmfla vmfi) —
(W, t) = (1, t) if vy =t

L4 (wm—ia Um—i) — (wm—i+17 Um—i)a ey (wm—Qa Um—i) — (wm—la Um—i)a (wm—la Um—i) —
(Winy Vm—i)y Wiy Vm—i) = (Wi ) = (7, 1) if vy # 1.

<n.

In addition, we can assume that D(w,_;, Vm—;) < 1 for all v,,_; € V' i.e., |D,, _.

o If D(wy—i,vm—i) =1 for all v,,_; € V', then |D,, .| =n and so

Z | Ds| = Z |Da| | = [Duwyys|

z€V\{wm—i, s Wm—1,Wm } 2EV\{Wm—it1, W —1,Wm }

Z |Du| | —n

2EV\{Wm—it1, - Wm—1,Wm }
= (G| —i)+27(G)—-1)—n
=n(|G| - (i+1)) +2n(G) — 1.

This implies V\{wpm—i, ..., Wm—1, W} # Osince 3 conp oy [Dal = n(|G]—
(i+1)+2m(G)—1>27(G)—1>2|G| —1>0. So |G| > i+ 2 and we go to Step
1+1.
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o If D(wy—i, Um—;) = 0 for some v,,,_; € V', then |D,, .| <n—1and so

Z |Ds| = Z |Dz| | = D,

€V \{Wm—ise Wi —1,Wm } TEV\{Wm—it1,e s Wm—1,Wm }

ZEV\{Win—i415-ee Wi —1 W}
= (n(|G] —9) +27(G) = 1) — (n — 1)
=n(|G| - (i+ 1))+ 27(G)
=n|V\ {wm—i, ..., W1, Wn}| +27(G).

By Lemma 2.3, we can pebble (r,t).

v

Step m-1.
Since D(wy,u) = D(g,u) > 2, we can move
i (w17u> - (w27u)7 Tt (wm*%u) - (wmflau% (wm*hu) - (wm7u> = (7“, t) if u= t;
o (wy,u) = (wo,u), ..., (Wn_2,u) = (Wpn_1,u), (Wp_1,u) = (W, w), (W, ) = (W, 1)
= (r,t) if u#t.

O

It is easy to establish the sharpness of the upper bound stated in Proposition 2.1, by
considering G = K together with the fact that 7(K,0K,) = n(K,) = n.

In the following result, we obtain an alternative sufficient condition for the Cartesian
product of a graph and a complete graph to satisfy Graham’s conjecture.

Theorem 2.4. For a positive integer n and a connected graph G, if 7(G) > |G| and
n > 22 ypen
= =(@)-la)”
7(GOK,) < 7(G)n(K,).

Proof. If m(G) > |G| then n > % implies n|G| + 27(G) — 2 < nn(GQ) = 7(K,)7(G) so

the results follows from Proposition 2.1. O
We note that the condition in Theorem 2.4 does not imply the 2-pebbling property of G
as one can see in the following counter example. For a positive integer k, Gao and Yin [2]
not only proved that the graph Lj (see Fig. 1) does not satisfy the 2-pebbling property, but
they also showed that (L) = 28+3.
However, L; satisfies the condition of G in Theorem 2.4 for each k with a sufficiently
large n. And we obtain the following partial result of Gao and Yin [3].

Corollary 2.5. For positive integers k and n, if % + Qﬁjzl <1, then

m(LyOK,) < w(Lg)m(Ky).

for positive
Proof. By mathematical induction on k, w(Ly,) = 253 > 4k +8 = | L;|. Furthermore, we can
;1e4rive % + Qﬁﬁzl <1 from n > i(&(lf)k_)'za = ;g:z;i)s. Hence the result follows by Theoreré]l
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Figure 1: The graph Ly.
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