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Timmons et al.: Triangles in Ks-saturated graphs with minimum degree t

Abstract

For n > 15, we prove that the minimum number of triangles in an n-vertex Kjy-
saturated graph with minimum degree 4 is exactly 2n — 4, and that there is a unique
extremal graph. This is a triangle version of a result of Alon, Erdds, Holzman, and
Krivelevich from 1996. Additionally, we show that for any s > r > 3 and ¢t > 2(s—2)+1,
there is a K-saturated n-vertex graph with minimum degree ¢ that has (i:%) 2r—1n +
cs,rt copies of K. This shows that unlike the number of edges, the number of K,’s
(r > 2) in a K -saturated graph is not forced to grow with the minimum degree, except
for possibly in lower order terms.

1 Introduction

Let I be a graph. A graph G is F-free if G does not contain F' as a subgraph. A graph G is
F-saturated if G is F-free, and adding a new edge to GG creates a copy of F. The minimum
number of edges in an F-saturated graph with n vertices is called the saturation number of
F. Write sat(n, F') for this minimum, so

sat(n, F') = min{|F(G)| : G has n vertices and is F-saturated}.

An n-vertex F-saturated graph with sat(n, F') edges is called an extremal graph.

1.1 History and Previous Results

One of the most important results on graph saturation is that for any graph I’ with at least

one edge, there is a constant Cr such that sat(n, F') < Cpn. This was proved by Készonyi

and Tuza in 1986 [15], and shows that saturation numbers are linear in n. Since then, the

study of saturation has become an established branch of extremal graph theory. Saturation

numbers of hypergraphs and of random graphs have been studied as well [4, 17, 21, 20]. The

survey paper of Faudree, Faudree, and Schmitt [10] contains many results and references.
For complete graphs, Erdds, Hajnal, and Moon [8] proved that for s > 3,

sat(n, K,) = (s — 2)(n — s +2) + (8;2>.

Furthermore, there is a unique extremal graph which is, up to isomorphism, K, o + K, 42
(the join of a clique with s — 2 vertices and an independent set with n — s+ 2 vertices). This
graph has minimum degree s — 2, and the minimum degree of a K -saturated graph is at
least s — 2 (since nonadjacent vertices must have a K 5 in their common neighborhood).
A natural question is to ask for the minimum number of edges in an F-saturated graph G
with §(G) =t where t > s — 2. Given a graph F' and an integer ¢, let

sati(n, F') = min{|E(G)| : G has n vertices, is F-saturated, and has §(G) =t }.

Duffus and Hanson [7] proved that sats(n, K3) = 2n — 5 for n > 5, and characterized the
extremal graphs. They also showed that sats(n, K3) = 3n — 15 for n > 10. For larger ¢ and
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s, the bounds are not exact. In 2014, Day [6], resolving a conjecture of Bollobés [14] from
1996, showed that
sati(n, Ks) > tn — ¢ (1)

for any s > 3, t > s — 2. Here ¢; is a constant depending only on t. Further discussion on
saturated graphs with degree constraints can be found in [10].

In 2014, Alon and Shikhelman [2] introduced a very important generalization of Turan
numbers which has since been extensively studied ([9, 11, 13, 18] to name a few). It is
connected to the widely studied Turén problem for Berge hypergraphs ([12, 19], for instance).
Motivated by this generalization, Kritschgau et al. [16] defined an analogous generalization
of saturation numbers. For graphs H and F, let sat(n, H, F') be the minimum number of
copies of H in an F-saturated graph with n vertices. Observe that sat(n, K, F') = sat(n, F').
In this paper, we introduce the function

sati(n, H, F)

which is defined to be the minimum number of copies of H in an n-vertex F-saturated graph
with minimum degree ¢. This function generalizes both sat,(n, F') and sat(n, H, F'). The
question we put forth is the following.

Question 1.1. Let H and F' be graphs. What is the minimum number of copies of H in an
F-saturated n-vertex graph with minimum degree t?

Before stating our results, let us recall a result from [16] which we take as a starting point
for our work. In [16], the formula

Sat(’I'L,Kg,K4) =n—2 (2)

was proved, and it was shown that K, + K,_, is the unique extremal graph. Bounds on
sat(n, K, Ks) for all s > r > 3 were also proved in [16], but they did not give an exact
result. Recently, resolving a conjecture put forth in [16], Chakraborti and Loh [5] obtained
an exact formula for sat(n, K., K;) for all s > r > 2 provided n is sufficiently large (as a
function of s and r).

Motivated by the fact that (2) gives a formula for sat(n, K3, K;), we will study the
function sat.(n, K3, K4) in detail. Our aim is to determine whether or not a statement
similar to (1) holds when counting K3’s in a Kj-saturated graph with minimum degree at
least t. First let us state some results that answer Question 1.1 in certain cases. The first
proposition we give is easy to prove using the fact that in a K -saturated graph, any two
nonadjacent vertices must have a K 5 in their common neighborhood.

Proposition 1.2. Let s > r > 2 be integers. If G is an n-verter K-saturated graph with
)(G) = s — 2, then G is isomorphic to Ks_o + K,,_s1o and consequently, has

(7wl

copies of K,.
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In the special case (r,s) = (3,4) and 6(G) = 2, we have exactly n — 2 triangles. A close
look at the proof of (2) in [16] shows that if G is not isomorphic to Ky + K, 5, then G has
at least n triangles. Now if GG is K -saturated and is not isomorphic to K5 4+ K,,_», then one
can prove that G has minimum degree at least 3. Thus, we see a small jump in the number
of triangles when G is no longer allowed to have a vertex of degree 2. It turns out that when
the minimum degree is 3, we do not just get 2 additional triangles, but we must get and
additional n — 5 triangles. Before formalizing this as a proposition, we need to introduce a
new graph.

Let ajasazasasa; be a cycle of length five and let b be a vertex joined to each a;. Call
this graph W. Let my, mg, my4 be positive integers with m; +mg+my =n—s+1. In W,
replace b with a clique of size s — 3, and for i € {1, 3,4}, replace a; with an independent set
of size m;. Vertices in this new graph are adjacent if and only if the vertices they replaced
are adjacent vertices in W. Write Wy (my, 1, m3,my, 1) for this graph, which has appeared
in the literature (see [3]).

Proposition 1.3. Let s > 3. If G is an n-vertex K-saturated graph with §(G) = s—1, then
G is isomorphic to either (Ks_1 —e) + K,_s11, or Wg(mq, 1, mg,my, 1) for some my, mg, my
withm1+m3+m4:n—s+1.

It follows from Proposition 1.3 that if G is an n-vertex Ky-saturated graph with minimum
degree 3, then G has at least 2n — 7 triangles, and equality holds only if G is isomorphic to
Wy(my, 1,ms,1,1) for some my + mg = n — 4. For a proof of Proposition 1.3, see [16].

1.2 New Results
In light of Day’s Theorem (1) and that

o |V(G)| =n, G is Ky-saturated, and 6(G) =2 = G has at least n — 2 triangles,
o |V(G)| =n, Gis Ky-saturated, and 6(G) =3 = G has at least 2n — 7 triangles,

one may be tempted to conjecture that in general, §(G) = ¢ forces at least (t — 1)n — O(1)
triangles in any n-vertex K -saturated graph. This would then give a version of Day’s result
for triangles.

It turns out, rather surprisingly, that for any t > 4 and n > t + 5, there is an n-vertex
K,-saturated graph that has minimum degree ¢ and only 2n + 2t — 12 triangles. We call this
graph H;(n) and it is defined in Section 2. Our main theorem determines sat;(n, K3, Ky),
and shows Hy(n) is the unique extremal graph.

Theorem 1.4. Let n > 14 and G be an n-vertex Ky-saturated graph with 6(G) = 4. Then
G contains at least 2n — 4 triangles. Furthermore, if G contains exactly 2n — 4 triangles,
then G is isomorphic to Hy(n).

For ¢t > 4, the graph H;(n) implies the following upper bound on sat,(n, K3, Kj).

Theorem 1.5. For integerst > 4 and n > 2t,

sat(n, K3, Ky) < 2n+ 2t — 12.
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We conjecture that the upper bound in Theorem 1.5 is best possible, and that Hy(n) is
the unique extremal graph for all sufficiently large n.

Conjecture 1.6. For any integer t > 4, there is an integer n, such that for all n > ny,
saty(n, K3, K4) = 2n + 2t — 12
and Hy(n) is the unique extremal graph.

Theorem 1.4 shows that Conjecture 1.6 is correct when ¢t = 4. The next theorem gives
an upper bound for arbitrary s > r > 3.

Theorem 1.7. Let s >r >3 and t > 2(s — 2) + 1 be integers. Forn > 2(s — 2) + 2t,

—9
sats (1, K, K3) < (3 1> 270+ Cy
r —

where Cs .4 is a constant depending only on r, s, and t.

It would be interesting to determine if there is a constant ¢, 5, depending only on r and
s, such that for all n > n(r,s,t) and t > s — 2, there is an n-vertex K -saturated graph with
minimum degree ¢ having at most ¢, sn + o(n) copies of K,. Theorem 1.5 shows that such
a constant exists in the case when (r,s) = (3,4). Theorem 1.7 covers all s > r > 3, but
assumes t > 2(s —2) + 1, and perhaps the coefficient of n could be improved (as in Theorem
1.5 when (r,s) = (3,4)). We can improve this upper bound in the case (r,s) = (3,5) as the
following result shows.

Theorem 1.8. For anyt > 8 and n >t + 30,
saty(n, K3, K5) < 9n + C,
where Cy is a constant dependent only on t.
Finally, a simple argument in the case r = 3 gives a lower bound on sat,(n, K3, Kj).

Proposition 1.9. Let s > 3 and t > 6(3;2) be integers. Forn > 2s — 2,

-2
(8 5 )(n —2) <saty(n, K3, K).
Proposition 1.9 implies sat;(n, K3, K5) > 3(n — 2) for t > 18. We suspect the upper
bound of Theorem 1.8 could give the correct coefficient of n.
In Section 2, we define the graphs that prove Theorems 1.5, 1.7, and Proposition 1.8. In
Section 3, we prove Theorem 1.4. In Section 4, we prove Proposition 1.9.
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2 Proof of Theorems 1.5, 1.7, and 1.8

In this section, we construct the graphs that prove Theorems 1.5, 1.7, and 1.8. While the
constructions are different, they share a common theme: their vertex set is the union of four
sets A, B, X, and Y. Most of the vertices will belong to X, and these vertices will have
degree t. The set Y is used to force minimum degree t. In all three constructions, X and
Y will be independent sets, every vertex in X will be adjacent to every vertex in AUY,
and every vertex in Y will be adjacent to every vertex in B U X. The edges with endpoints
in AU B must be chosen much more carefully, and this is where the constructions begin to
differ.

2.1 Proof of Theorem 1.5
Let t > 4 and n > 2t be integers. Let A = {ay, a9, a3, a4}, B = {b123, b124, b134, bazs },

X = {.731,‘752,...,33”,15,4}, and Y: {y17y27---7yt74}

where Y = () when ¢t = 4. The vertex set of Hy(n) is AUBU X UY. The edges of Hy(n) are
defined as follows:

e cach q; is adjacent to bjy;, if and only if i € {j,1, k},

e a; is adjacent to ag, as is adjacent to a4, and each vertex in {bja3, b124} is adjacent to
each vertex in {b134, b234},

e every vertex in X is adjacent to every vertex in AUY | and every vertex in Y is adjacent
to every vertex in B U X.

This completes the description of Hy(n). We now prove Theorem 1.5 by showing that (7)
Hy(n) is Ky-saturated, (i) the minimum degree of H;(n) is ¢, and (zi7) Hy(n) has exactly
2n + 2t — 12 triangles.

Proof of Theorem 1.5. (i) Showing that Hy(n) is Ky-free is equivalent to showing that no
vertex in H;(n) has a triangle in its neighborhood. If z; € X, then N(z;) = YUA and the only
edges in the subgraph induced by N (x;) are ajas and azay. If y; € Y, then N(y;) = XUB and
the only edges in the Subgraph induced by N(yz) are b123b1347 b123b234, b124b134, and 6124[)234.
These edges form a 4-cycle. Therefore, no K, in Hy(n) can contain a vertex in X UY. The
8 vertex subgraph induced by AU B is Ky-free and thus, Hy(n) must be Kj-free.

Next we show that adding any missing edge to Hy(n) creates a K4. The possibilities
that must be checked are missing edges with one endpoint in Z; and the other in Z; where
(Z1, Zs) ranges over (X, X), (X,B), (A A), (A)Y), (A, B), (Y,Y), and (B, B). A quick
remark is that this list is the same set of possibilities that must be checked in the proofs of
Theorem 1.7 and Theorem 1.8.

When checking these pairs, we will take advantage of the symmetries within parts X,Y, A,
and B.

o If z;x; is added, then {z;,x;,a1,a2} is a K.

Published by Digital Commons@Georgia Southern, 2020
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If ZL‘Z‘b123 18 added, then {ZL‘Z‘, b1237 as, (12} s a K4.

If aias 18 added, then {al, as, blgg, b134} s a K4.

If ary; is added, then {al, Yi, 6123, b134} is a K4.

If a1b234 is added, then {(11, b234, as, b124} is a K4.

If y1y5 is added, then {y1, 2, bi23, bi3a} is a K.
o If b123b124 is added, then {b123, b124, as, CLQ} is a K4.

Thus, Hy(n) is Ky-saturated.

(77) To check that H;(n) has a minimum degree ¢, we compute the degree of each vertex. If
x € X, thend(z) = |A|+|Y| =4+|Y| =t lfy € Y, thend(y) = |B|+|X| =4+|X| =n—t.
If a € A, then d(a) =4+ |X| =n —t. Finally, if b € B, then d(b) =5+ |Y| =t + 1.

(#7i) The graph Hy(n) contains 12 triangles in the subgraph induced by AU B, 4(t — 4)
triangles containing a vertex in Y, and 2(n —t — 4) triangles containing a vertex in X. Thus,
there are 2n + 2t — 12 triangles in Hy(n). O

2.2 Proof of Theorem 1.8

Let t > 9 and n > 2t + 18 be integers. Let A be the disjoint union of the sets A;, As,
and As where A, = {a{1,4,7},a{2,5,8},@{3,6,9}}’ Ay = {a{1,5,9}>0{2,6,7}761{3,4,8}}, and Az =
{agi68), 02,40}, 013571} Notice that the subscripts of as,, ag,, ar, € A, form a class of
parallel lines in an affine plane of order 3. Also, the subscripts from two distinct A,’s
are different parallel classes. Let B be the disjoint union of sets By, B, and B3 where
By ={bs1,bs2,...,beo}. Finally, let X and Y be disjoint sets where

X ={z1,29,...,Tpn_yor} and Y ={y1,92,..., Yo}
The vertex set of Ry(n) is AUBUX UY. The edges of Ry(n) are defined as follows:
e cach Ay induces a K3 (so A = A; U Ay U Az induces three vertex disjoint triangles),
e the set B induces a complete 3-partite graph with parts B, By, and Bs,
e for 1 < /¢ <3, each ag;y € Ay is adjacent to each vertex in
ByU{bmy:1<m<3,pe{jk,i}}
For instance, af; 47 € Ay is adjacent to all vertices in

By U{bo1,b24,b27,b31,b34,b37}.

e Every vertex in X is adjacent to every vertex in AU Y, and every vertex in Y is
adjacent to every vertex in X U B.

Let us call the graph constructed up to this point R}(n). We will need to add some edges
to Rj(n) to obtain R;(n), but first we will show that Rj(n) is Ks-free.
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Lemma 2.1. The graph R}(n) is Ks-free.

Proof of Lemma 2.1. We will write Rj(n)[Z] for the subgraph of Rj(n) induced by Z. If
x € X, then N(z) = Y U A. This neighborhood induces a Kjy-free graph (three disjoint
triangles and isolated vertices) and thus, x cannot be in a Kj. A similar argument shows
that no vertex in Y is in a K. Thus, a possible K5 in Rj(n) must only use vertices in AU B.
Suppose K is such a Kj. Since Rj(n)[B] is Ky-free, K must use at least two vertices in A,
say a,a’. These two vertices must be in one of the sets Ay, Ay, or Az. Suppose a,a’ € A,
where Ay = {ay,, as,, as, }, and let a = ay,, @’ = ay,. The neighborhoods of ay, and ay, in B
are
N(ay) = BrU{bip,bjp:p €} and N(ap) = ByU{bip, bj,:p € la}

where {¢,i,7} = {1,2,3}. Because ¢; N ¢y = (), the intersection of the two neighborhoods
above is B, which is an independent set. Therefore, K can contain at most one vertex in B
and since R}(n)[A] is K4-free, there is no K5 in Rj(n)[A U BJ. O

Next we complete the construction of Ry(n) by adding edges between A and B.

e Fix an ordering of the nonedges of R}(n) that have one endpoint in A and the other

in B. Say this ordering is ey, es, ..., e,. We consider these nonedges, in this order, and
proceed through this ordering adding edge e to Rj(n) provided this does not create a
K.

Let Ri(n) be the resulting graph (so R;(n) does depend on the ordering of the nonedges
between A and B, but this is not important). By Lemma 2.1 and the manner in which edges
are added to obtain R:(n), the graph R;(n) is Ks-free.

We now complete the proof of Theorem 1.8 by showing (i) Ry(n) is Ks-saturated, (i7)
the minimum degree of Ry(n) is t, and (i7i) Ry(n) has 3n + C; triangles.

Proof of Theorem 1.8. (i) By definition, the graph R;(n) is Ks-free. Next we show that
adding a missing edge to R;(n) creates a K5. The possibilities that must be checked are the
same as those in the proof of Theorem 1.5. Again, we will use the symmetries within parts

X.,Y, A, and B.
o If z;x; is added, then {z;,z;} U A is a K.
o If 2;b,, is added, then {x;,b,,} U Ay is a K.

e If ad’ is added, then we note that a and @’ must belong to different A,’s. Let a € A,
and a' € Ap, say a = ap, and @’ = ap. Then /; and £} intersect in exactly one
element (they correspond to nonparallel lines in an affine plane), say z. In this case,
{CLgl s (lg/l, bl,z; bg}z, bg}z} iS a K5.

o If ay,y is added where ay, € Ay and y € Y, then {ay,,y,b1 5, b2, b3} is a K5 where z
is any element of /;.

e If ab is added where a € A and b € B, then this edge ab must lie in a K5, otherwise,
it would have been added to Rj(n) when constructing R:(n).
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) If yzy] 1S added, then {yi,yj, bl,la b271, b371} 1S a K5.
o If by;by; is added where by;, by ; € By, then {by;, b} U Ay is a K.

This covers all cases and since R;(n) is K5-free, we have shown that R;(n) is K5-saturated.
(77) To check that R;(n) has a minimum degree ¢ we compute the degree of each vertex.
If v € X, thend(z) = |A|+|Y|=9+Y|=t Ify e Y, thend(y) = |B|+ |X| =27+ |X| =
n—t—9. Ifa € A, thend(a) > 17+|X| =n—t—10. If b € B, then d(b) > 23+ Y| =t +14.
(77i) Recall that A has 9 vertices, B has 27 vertices, and Y has t — 9 vertices. Thus,
the number of triangles that do not use a vertex in X is at most ¢ = ¢; triangles where ¢;
depends only on ¢. The number of triangles that use a vertex in X is e(A4)|X| = 9(n—t—27).
Therefore, the graph R;(n) has at most 9n + C; triangles where C; only depends on ¢t. [

Proof of Theorem 1.7

Let s>r>3,t>2(s—2)+1,and n > 2(s —2) +2t. Let A, B, X, and Y be disjoint sets
where

A= {ah ag, . .. ,G2(5—2)}, B = {bl, by, ..., 52(5—2)}7
X = {1’1, Lo, .. 7xn—2(s—2)—t}7 and Y = {yh Y2, .- 7yt—2(8—2)}'

Let F,(n) be the graph with vertex set AU BU X UY, and whose edges are defined as
follows:

e the set A induces a complete (s — 2) partite graph with parts {a;, as_o4;} for j =
1,2,...,5—2,

e like A, the set B induces a complete (s — 2) partite graph with parts {b;, bs_24;} for
j=12...,8—2,

o for 1 <1< 2(s—2), a; is adjacent to each vertex in the set
{bi7 bi+1a bi—i—?a cee 7bi+(s—2)—1}

where the subscripts of the b;’s are taken modulo 2(s—2) using the residues {1,2,...,2(s—

2)},

e cach vertex in X is adjacent to each vertex in AUY’, and each vertex in Y is adjacent
to each vertex in BU X.

Let us call the graph constructed up to this point Fy,(n). Like R;(n), we will add edges
between A and B to obtain Fj,(n), but first we prove a lemma showing that F} (n) is

K -free.

Lemma 2.2. The graph F(,(n) is K,-free.
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Proof of Lemma 2.2. Aiming for a contradiction, suppose that K is a K, in Fy,(n). If v € X,
then N(z) = AUY which induces a K;_;-free graph. This shows that no vertex in X can be
in K and similarly, no vertex in Y is in K. Without loss of generality, we may assume that
ay is a vertex in K. Since FY (n)[A] and F/,(n)[B] are K, i-free, K must contain at least
two vertices in A and at least two vertices in B. Let us consider the common neighborhood
of a1 and another vertex a; in K N A. If 2 <i < s — 2, then

N(a1) A N(a;) = {bi,bisr, ... bes}. (3)

Ifi=7+(s—2) where 2 < j < s— 2, then

N(ar) N N(ags—2)15) = {b1,b2,...,bj_1}. (4)
Suppose K contains a;,, Gy, - . . , @, and a;j, 4 (s—2); Gjy+(s—2) - - - , Uy (s—2) Where
2<i <ig < <ip < 5—2 (5)
and
2<j1<ja<--<jg<s—2. (6)

First consider the case when [ = 0, which forces a > 1 since K must contain at least
two vertices in A. If b, is a vertex in K N B, then by (3), i, < ¢ < s — 2, and there are
s—2—i,+1=s—1—1i, integers satisfying this inequality. Therefore, the number of vertices
in K is at most

s—1l—ig+a+l=s—is+a<s—(a+1l)+a=s—1

For the last inequality, we have used (5). This shows that K has at most s — 1 vertices and
so cannot be a K, 1. The case when = 0 can be dealt with using a very similar argument.

Now suppose both a and  are not zero. If by is in K N B, then (3) implies ¢ > i,, and
(4) implies ¢ < j; — 1. Since ¢, ji, and i, are integers, the number of possible ¢ satisfying
io << ji—1is (1 — 1) —ia+ 1 = ji —is. By (5) and (6),

=< (s=2)—f+1—-(a+1l)=s—2—a—0.

Therefore, the number of vertices in K N B is at most s — 2 — a — 3, and the number of
vertices in KN A is 1+ a+ 3. We conclude that K has at most s—1 vertices, a contradiction.
This completes the proof of Lemma 2.2. O

We now complete the construction of F;,(n) by adding edges between A and B.

e Fix an ordering of the nonedges of F; (n) that have one endpoint in A and the other

in B. Say this ordering is ey, es, ..., e,. We consider these nonedges, in this order, and
proceed through this ordering adding edge e to I ,(n) provided this does not create a
K.

Let F;4(n) be the resulting graph. By Lemma 2.2 and the manner in which edges were added
to obtain Fj.(n), the graph Fy,(n) is K,-free.

We now prove Theorem 1.7 by showing that (i) F;:(n) is K,-saturated, (i7) the minimum
degree of F,(n) is t, and (iii) Fy+(n) has (572) 2tn + C, 5, triangles.

r—1
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Proof of Theorem 1.7. (i) The graph F;.(n) is K-free by definition. Now we show that
adding any missing edge to Fj,(n) creates a K;. We will use the symmetry within the parts
A, B, X, and Y. The possibilities that must be checked are the same as in the proof of
Theorems 1.5 and 1.7.

o If v;2; is added, then {z;,x;, a1, a9,...,as_2} is a K.
o If ;b5 5 is added, then {z;,bs_2,a1,a9,...,as_2} is a K.

o Ifaja(s_g)41 is added, then {a, as, as, ..., a(s—2)+1}U{z} is a K, where x is an arbitrary
vertex in X.

e If ab is added where a € A and b € B, then a K, is created otherwise the edge ab
would have been added when constructing Fj;(n) from F ,(n).

o If ayy; is added, then {ay,y;,b1,b2,...,bs_2} is a K.

o If y;y; is added, then {v;, y;,b1,b2,...,bs_2} is a K.

If b1b(s—2)41 is added, then {by,ba, ..., bi—2)41} U {y} is a K, where y is an arbitrary
vertex in Y.

The above shows that Fj; is K,-saturated.
(i1) If v € X, then d(z) = |[A|+ Y| =t. If a € A, then

dla) > |X|+(2(s—2)—1)+(s—2)=n—t+s—3.
If y €Y, then d(y) = | X| + |B| = n —t. Finally, if b € B, then
db) > Y[+ (2(s—2)—1)+(s=2)=t+s—3>1.

(iii) The number of copies of K, that use a vertex in X is §|X| where § is the number
of copies of K,_; in the subgraph induced by A. Since A induces a complete (s — 2)-partite
graph with 2 vertices in each part, § = (f,j) 2"~ Thus, the number of K,’s using a vertex
in X is

(n—2(s—2) —1) (i - i) or-1,

The number of K,’s not using a vertex in X is at most C,;, where Cy;, is a constant
depending only on s, t, and r (the part sizes of A, B, and Y only depend on s and t). The
conclusion is that the number of K,’s in F;,(n) is at most

—2
. (s )27~—1 4 sy
r—1

where s, depends on s, ¢, and 7. O
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3 Proof of Theorem 1.4

In this section, we prove Theorem 1.4. The proof will be broken up into several lemmas. We
write k3(G) for the number of triangles in G. For € V(G), N(z) is the neighborhood of
x. Let us set up some specialized notation that will be used in the rest of this section. This
same notation was used in [1].

Setup and Notation: For the remainder of Section 3, let G' be an n-vertex graph that is
Ky-saturated, and has 6(G) = 4. Let = € V(G) be a vertex of degree 4, and let

N(z) ={x1,29,23,24} and N[z|={z}UN(x).

Let Y = V(G)\N[z]. If y € Y, then N(y) N N(x) must contain an edge so that every vertex
in Y is adjacent to at least two vertices in N(z). For S C {1,2,3,4}, let Vg be the vertices
y € Y such that y is a neighbor of x; if and only if + € S. For notational convenience, we
will omit braces and commas so if, say S = {1,3,4}, then we write Vi3, rather than Vi 3.43.
Given sets S, T C {1,2, 3,4}, write

Vs ~ Vr

if all vertices in Vg are adjacent to all vertices in Vp, and Vg ~ Vp if no vertex in Vg is
adjacent to a vertex in V.

An important observation is that if Vg # (), then there must be a pair {i,j} C S such
that x; is adjacent to x;. Also, if {z; : i € S} forms an independent set in N (z), then Vg = 0.
Because of this, we ignore all Vg for which {x; : i € S} is an independent set in N(z).

Given a subset S C {1,2,3,4} with ¢ ¢ S for some i € {1,2, 3,4}, let Tg; be the set of
all T C {1,2,3,4} for which ¢ € T, and for any j,k € S for which z; and z;, are adjacent
vertices in N(x), we have |T'N {j,k}| < 1. Equivalently, 7g; is the set of all 7" C {1,2,3,4}
for which ¢ € T and {x; : i € T N S} is an independent set.

Lemma 3.1 (Rules Lemma). Let S C {1,2,3,4} with i ¢ S for some i € {1,2,3,4}. If
Vs # 0, then y is adjacent to some vertex in

U

T€eTs,:
and in particular, this union is not empty.

Proof. Suppose y € Vs. Since i ¢ S, the vertex y is not adjacent to x; where x; € N(z).
There must be an edge af with both a and 5 in the intersection N (y)NN(z;). If a, f € N(x),
then {z,x;,a, B} is a K, which is a contradiction. Thus, we may assume that a € Y, say
a € Vp. Because « is adjacent to z;, we have ¢ € T". If there is a j, k € S for which z;z; is
an edge in G and j,k € T, then {y, o, x;, 21} is a K4. We conclude that 7" must be some
member of 7g;. O

It will be convenient to represent Lemma 3.1 with an arrow diagram and we refer to these
as Rules. Assuming the set up and conclusion of Lemma 3.1 where Tg; = {T1,T5,...,T;},
then we illustrate using the figure below.
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Vi,

Vi,
Vs

Vr,

4

Rule for Vs and choice of i ¢ S

We also use the notation Vg — Vi, U Vp, U---UVp,. Note that the assertion of Lemma 3.1
is not that Vr, # ) for every T € Tg;, but only that at least one of these sets is not empty.

The first application of Lemma 3.1 will be in the proof of Lemma 3.4. First we prove
two easier lemmas.

Lemma 3.2. The number of edges in N(x) is at least 2.
Proof of Lemma 3.2. See Lemma 3.2 of [16] (the proof is not difficult). O

Lemma 3.3. If n > 14 and the number of edges in N(x) is 2, then
Furthermore, equality holds if and only if G is isomorphic to Hy(n).

Proof of Lemma 8.3. There are two possibilities for the edges in N(z).
Case 1: The two edges in N(z) form a path.

Suppose the edges in N(z) are xixe and xox3. Every vertex in Y must be adjacent to
x9 since N(x) N N(y) must contain an edge for all y € Y, and every edge in N(z) has x5 as
an endpoint. Therefore, x5 is adjacent to all vertices in G except for xs. The intersection
N(z3) N N(x4) must contain an edge, say y;y2. The edge y;y2 must have both endpoints in
Y since z is the only neighbor of x4 in Nz|, but then {yi, o, x2, 23} is a Ky in G (y; and ys
are both adjacent to x9). This is a contradiction.

Case 2: The two edges in N(x) share no endpoints.

Assume the edges in N(x) are z129 and z3x4. Then Vip and V34 must be empty (see [1]).
Since N(y) N N(z) must contain an edge for each y € Y and Vi3 = Va4 = (), we can partition
Y as follows:

Y = Vigs U Vigg U Vizg U Vasy U Vigsy.

Note that every vertex in Y is adjacent to either both x; and x5, or to both x3 and x4.
Suppose y € Vio34. We claim that the degree of y is exactly 4. If y is adjacent to some
z € Y\{y}, then we may assume, without loss of generality, that z is adjacent to both z; and
x9. However, this implies {y, z, x1, 22} is a K4 in G which is a contradiction. Consequently,
d(y) = 4 whenever y € Vig34, and y lies in exactly two triangles: yxize and yxszy.
We now focus on
Y’ i= Vigg U Vigg U Vigy U Vagy.

The intersection N(z1) N N(x3) must contain an edge a. This edge has both endpoints in
Y since the only common neighbor of x; and x5 in Nz| is . Because a and § are adjacent
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vertices in Y, neither can be in Vis34. Thus, a, 8 € Viss U Viss. If a and 8 are both in Vo3,
then {«, 8,21, 22} is a Ky. A similar argument shows « and § cannot both be in Vi3, We
may assume that a € Vi3 and 8 € Vg4, which shows Vigs # () and Visy # (). By symmetry,
Vig4 and Vi34 are not empty.

It is proved in [1] that G[Y”] is a complete bipartite graph with parts

Vias U Vigs and Vigg U Vagy.

This determines the graph G up to the number of vertices in the parts Visz, Vios, Viz4, and
Vo34 (which are all not empty), and Vi34 (which may be empty).

Let y103 € Via3, and define yia4, 4134, and yo34 similarly. The subgraph G of G induced
by N[z]U{y123, Y124, Y134, Y234} has 9 vertices and 14 triangles; it is exactly one of the graphs
appearing in the proof of Theorem 8 in [1]. These triangles are

TX1T2, TX3T4, T1T2Y123, L1X2Y124, L3L4Y134, T3T4Y234 Y123Y134T1, Y123Y134T3,
Y134Y124T1, Y134Y124T4, Y124Y234T2, Y124Y234T4, Y123Y234T2, Y123Y234X3.

We now estimate the number of triangles in G' by adding back the remaining n—9 vertices
in V(G)\V(G)) one by one. At each step, we count the number of triangles that contain the
new added vertex and vertices in V(G)). By counting triangles in this way, we never count
the same triangle more than once.

If a vertex y is added to V}a34, then we obtain exactly two new triangles: yxizo and yrsxy.
We can add any number of vertices to Vis34 and the resulting graph is Ky-saturated. Now
suppose a vertex y is added to Via3 (the other cases are the same by symmetry). This creates
at least five new triangles: yx17o, Yy13471, YY13473, YY23472, and yyss34r3. The conclusion is
that

k3(G) > k3(G)) +2(n—9) =144 2(n—9) = 2n — 4.

We have k3(G) = 2n — 4 if and only if all of the n — 9 vertices V(G)\V(G) are contained
in Vio34. This is precisely the graph Hy(n). O

Method and Notation For Triangle Counting: The counting method used in the last
three paragraphs of the proof of Lemma 3.3 will be used multiple times in the proof of
Lemmas 3.4 and 3.5. We find a small subgraph G} of G, count the number of triangles in
G}, and then count the number of triangles created when a vertex y is added to Gj. The
crucial point is that when a vertex y is added, we are only counting triangles that contain y
and vertices in ;. This means that we never count the same triangle more than once. In an
effort to be concise, we will always write y for the added vertex, and then list the triangles
in the following way. If y is added to Vs and this creates triangles yay 51, yasfs, . . ., you Ok,
we will write

Vs 1+ youfr,yoefBa, . .., yarBe.

We preface this with the statement “When y is added to Vs,” and then list the triangles
containing y using the notation shown above.

Lemma 3.4. Suppose n > 12. If the number of edges in N(x) is 3, then

ks(G) > 3n — 18.
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Proof of Lemma 3.4. Since N(x) must be triangle free, the three edges in N(x) either form
a star or a path of length three.

Suppose first the edges in N(x) are x1x9, x1x3, and z124. Since every edge in N(x) has
x1 as an endpoint and every vertex y € Y must be joined to an edge in N(x), vertex x; is
adjacent to all vertices in G. Let H be the subgraph of G induced by N(z1). Then H is
a Kj-saturated (n — 1)-vertex graph with 6(H) = 3. Since n > 11, a result of Duffus and
Hanson [7] implies that H has at least 3(n — 1) — 15 = 3n — 18 edges. Each of these edges
forms a triangle with z and so k3(G) > 3n — 18.

Assume now the edges in N(x) are xix9, xoxs, and xzzy. First we show that Vip and
V34 are empty. We prove this in full, but then we will make use of the results proved in
[1] concerning adjacencies between a Vg and a V. If y € V35, then y is not adjacent to xy,
and so there must be an edge o in the intersection N(y) N N(z4). Since y and x4 have no
common neighbors in N[z], the endpoints of a5 lie in Y. If a or  is adjacent to both x; and
xo, then either {x, z9,y, a} or {x1, z9,y, B} is a K4. The sets N(a)NN(z) and N(5)NN(x)
must contain at least one of the edges in N(x), other than zz5. All of the edges in N(x),
other than xxs, have x5 as an endpoint and so a and [ are both adjacent to x3, but then
{a, B, 13,74} is a K. The conclusion is that Vi3 = (). By symmetry, V3, = (.

As in the proof of Lemma 3.3, if y € Vigsy, then d(y) = 4 and N(y) = {x1, 2, x3,24}.
Let Y/ = Y\ Via34. Because Vip = V34 = ), we have

Y = Vo3 U Vigg U Vigy U Vigy U Vasy. (7)

If y and z are adjacent vertices with y,z € Vog U Vigg U Vagy, then {y, z, 29, 23} is a Kjy.
Thus,
Voz ¢ Vigs  and  Vog o Vozy  and  Vigg = Vozy. (8)

Similar arguments show that
Vigs % Vigg, Viga % Vaza, Vag ~ Vigy, Vag ~ Viga, Viag ~ Vigy, Vias ~ Vizs and Vigy ~ Vagy

(see Case 2 of Theorem 8 in [1]). Summarizing, Vg ~ Vr if the intersection S N7 does not
contain one of the pairs {1,2}, {2,3}, or {3,4}. Also, Vg » Vi if SNT contains at least one
of the pairs {1,2}, {2,3}, or {3,4}. We represent this using a graph. A solid edge between
Vs and V7 indicates Vg ~ Vi, a dashed edge indicates Vs ~ Vi, and no edge between Vg and
Vr indicates that it is possible for a vertex in Vg to be adjacent or not adjacent to vertex in
Vr (this last possibility does not occur here, but will occur in the proof of Lemma 3.5).

‘/124 ‘/134

Adjacencies among the Vg and Vi
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From Lemma 3.1, we have that two Rules for this graph are

Vas Vas

I

Vioa Viza Via Viza
Rule 1 (on the left) and Rule 2 (on the right)

‘/123 ‘/234 ‘/123 ‘/234

By symmetry (which is highlighted by the way we have chosen to show Rules 1 and 2), we
have Vo34 — Vigs and Viss — Vag U Vigs U Vigs. We also refer to the assertion Vaszqs — Viaa as
Rule 1, and the assertion Vg4 — Vo3 U Viag U Vigs as Rule 2.

We take a moment to carefully show how Lemma 3.1 gives Rule 2. Choosing S = {1,2,4}
and ¢ = 3, we find all T for which 3 € T, and |T'N {1,2}| < 1. These two conditions fail for
{1,2, 3}, but hold for {2,3}, {1,3,4}, and {2,3,4}. Thus, Vigs — Voz U Vigy U Vagy.

The structure of G is now determined up to the sizes of the parts Vigsy, Va3, Viss, Vios,
Viza, and Vaay.

If all of the vertices in Y belong to Visss, then k3(G) > 3+ 3(n —5) = 3n — 12 and we
are done. Let Y’ := Y\ Vi34 and assume Y’ # ().

Case 1: Vg # 0.

Let yo3 € Va3. Since §(G) > 4, yo3 has at least two other neighbors aside from x5 and
r3. Let z1, zo be two other neighbors of 1s3. These two neighbors must be in the union
Viga U Vizg.

First suppose 21 := z194 € Vigy and 29 := 2134 € Vizg4. Let G, be the subgraph of G
induced by N[z] U {ya3, 2124, 2134 }. This subgraph has 8 vertices and 11 triangles (see the
Appendix for the list of triangles). When y is added to Vg,

Vag 1 yxoT3, Y2124T2, Y2134T3, YZ1242134
Vies @ yx1T2, YyToks, Y1214, YT32134 (Vosa is the same by symmetry)

Visa © YZT1Z2, YTalYas, Yz134Y23 (Vizs is the same by symmetry)

The conclusion is that
k3(G) > k3(GS) +3(n —8) =11+ 3(n —8) = 3n — 13,

Now suppose that z; := 2194 and zy := 2,, are in Vg, and that Vizy = 0. If Vigs # (),
then by Rule 2, Vig3 — Vg4 implying Vi34 # (0, a contradiction. Therefore, Vig3 = ().
We consider two subcases.

Subcase 1: Vazy # ().

Let z934 € Va3q and GY be the subgraph of G induced by N[z] U {ya3, 2124, 2194, 2234 }. This
subgraph has 9 vertices and 14 triangles. When y is added to Vg,

. / .
Vas 1 yToT3, YZ124T2, Y2 9472 Viga 1 yx1%2, YY23Ta, Y2234T2, Y2234T4
. /
Vaga 1 Yxox3, YT3Ta, Y2124T2, Y2194 T2
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We conclude that k3(G) > k3(G%) +3(n—9) =14+ 3(n —9) = 3n — 13.

Subcase 2: Vasy = 0.

The neighborhood 124 must contain an edge, say «/3. This edge cannot use the vertex
x since x7 is not adjacent to x3, and x4 is not adjacent to x5. Furthermore, neither endpoint
is in V53 because z; is not adjacent to any vertex in Vo3. We conclude that the endpoints of
a and 8 must both be in Vg4, but then {«, 5,21, 22} is a Kj.

Case 2: Va3 = (.

Here we will consider two subcases.
Subcase 1: Vigz #

Let y123 € Via3. By Rule 1, Vig3 — Vi34 so there is a y134 € Vizg, and yq03 is adjacent to y134.

If Voga # 0, say yosa € Vaza, then by Rule 1, Vagy — Viss. Let y124 € Vios be a neighbor of
Y234 Let G be the subgraph of G induced by N[x] U {y123, Y134, Y234, Y124 }. This graph has
9 vertices and 15 triangles. When y is added to Vg,

Vies 1 yx1%2, YToT3, YY134T1, YY134T3 (V234 is the same by symmetry)
Visa @ YT3Ta, YY123%1, YY123%3, YY124T4 (Vo4 is the same by symmetry)
Thus,
k3(G) > k3(G)) +4(n—9) =15+ 4(n—9) =4n — 21 > 3n — 14.

Now suppose Vazs = (). Let G% be the subgraph induced by N[x]U{y123,y134}. The graph
G% has 7 vertices and 8 triangles. When y is added to Vg,

Vies 1 yx1%2, YToT3, YY134T1, YY13473 Visa @ YT3Ty4, YY12371, YY123T3

Vioa @ YT1T2, YY134T1, YY134T4

Thus, k3(G) > k3(G') +3(n—7) =8+3(n—7) = 3n — 13.

Subcase 2: Vigs = 0.

By symmetry, we may assume Vs34 = () (otherwise we are back in Subcase 1 with Vi34
replacing Vis3). Then all of the vertices of G not in N[z] must be in Vigy U Vizg U Vigay.
Let Y124 € ‘/124. By Rule ]_, ‘/124 — ‘/23 U ‘/234 U ‘/134, but ‘/23 = ‘/234 = (Z) r_FhU_S7 there is a
Y134 € Vige. If we take Gy to be the subgraph of G induced by N|[x] U {yi24, 134}, then Gy
has 6 vertices and 7 triangles. When vy is added to Vi,

Visa © Y2120, Yy13421, YY13424 (Vi34 is the same by symmetry)

Therefore, k3(G) > 3(n —7) +7=3n — 14. O
Lemma 3.5. If n > 15 and the number of edges in N(x) is 4, then
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Proof of Lemma 3.5. Since G is Ky-free, N(z) must be triangle-free and so the four edges
in N(x) form a Cy. Assume x1x9, To73, T314, and xyx; are the four edges in N(x). The set
Y can be partitioned into the disjoint union

Y = Vig U Vo U Vay UVig U Vigs U Vigg U Visg U Vasy U Vigsy.

The first step is to deal with vertices in Vis34. If y € Viag4, then y cannot have a neighbor
in Y, otherwise we obtain a K. Thus, N(y) = {z1, 29, 23,24} for all y € Vis34. Such a
vertex lies in four triangles: yx o, yxoxs, yrsry, and yryxr,. We will therefore assume that
Viass = 0 (if G’ is the subgraph of G obtained by removing the vertices in Yis34 and we can
prove the result for G', then the result easily follows for G).

For the rest of the proof, we focus on

Y= Vig U Va3 U V3 U Vg U Vigs U Vigg U Vg U Vagy.

As stated in [1], the following relationships hold among these 8 sets. Recall a solid/dashed
edge indicates that all vertices of Vg are adjacent/not adjacent to all vertices of V.

The only missing edges in this figure are those with endpoints in {Viq, Vas, Va4, Vi1 }. At this
stage, we do not have enough information to determine adjacencies between these sets.
Next, we apply Lemma 3.1 to obtain Rules 3 and 4.

Vizs Vizs
Vig i‘@g Via Vas
Viio Vasa Vine Vasa
Vi Va4 Vi Va4
Van Vaa

Rule 3 (on the left) and Rule 4 (on the right)
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Again, the pictures are drawn to highlight the symmetry, and we use Rule 3 and Rule 4
accordingly (for example, the assertion Vjj5 — Vg U Vagy U Vay is also called Rule 4). Rule 3
is obtained by applying Lemma 3.1 with S = {1, 2} and ¢ = 3, which gives Vio — Vog U Vagy,
and then again with S = {1,2} with i = 4, which gives Vi5 — Vj; U V4.

The proof of Lemma 3.5 from this point forward will be divided into cases.
Case 1: Vig U Va3 U Vs UViy = 0.

Since G has more than 5 vertices, we can assume there is some y23 € Vj23. By Rule 4,
Vigg — Vi1 U Vag U Vay, but Vi = Vay = 0, so y123 has a neighbor 134 € Vizs. Hence, we
know that Vigs # () and Vi # 0.

Subcase 1: ‘/234 U ‘/124 = @

Let G’ be the subgraph of G induced by N[z| U {y123, y134}. Then G, has 7 vertices and
10 triangles. When y is added to Vg,

Vies @ yx1Z2, YTaZs, Y1341, YY134s  (Vsa is the same by symmetry)

Thus, k3(G) > 10+4(n —7) =4n — 18 > 2n — 2.

Subcase 2: All of Vias, Viss, Vazs, and Vigy are not empty.

Before dealing with Subcase 2, we note that Subcases 1 and 2 do cover all possibilities.
This is because if Vazq # 0 (or Vigy # 0)), then Rule 4 and the fact that VioU Vs UVa,UVy =0
implies Vigy # 0 (or Vagy # (). Therefore, it cannot be the case that exactly one of Va3,
Viza, Vasa, Viga is empty.

Assume yo34 € Vagy and yg12 € Vijo. Let G§ be the subgraph of G induced by N[x] U
{Y123, Y234, Y134, Y412 }- This graph has 9 vertices and 16 triangles. When y is added to Vg,

Vies @ yT1%2,YTox3, yy134%1, Y1343 (Vasa, Viza, Varz are the same)
Thus, k3(G) > 16 +4(n —9) = 4n — 20 > 2n — 2.
Case 2: Vig U Voz UV U Viy # ().
For Case 2 we need an additional lemma which is proved in [1].

Lemma 3.6. If I is the subgraph of G induced by Vis U Voz U V3, UViy, then F is a 4-partite
graph that 1s K4-saturated with respect to the parts.

In particular, Lemma 3.6 implies that if one of the four parts Vi, Va3, Va4, Vis is empty,
then the remaining parts induce a complete 1-partite, 2-partite, or 3-partite graph depending
on the number of nonempty parts.

Subcase 1: Vip # () and Vag = Vay = Viy = 0.

Let y1o € Vio. By Rule 3, Vis — Vg U Vayy and Vig — Vag U Vogy, but Vg = Vaz = 0
so there must be vertices y34 € Vasgs and 3134 € Vigq that are both adjacent to yio. Let Gy
be the subgraph of G induced by N[z| U {912, ¥234,%134}. Then G’ has 11 triangles and 8
vertices. When vy is added to Vi,
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Via @ yx12, Yy234T2, YY13471 Vies @ yz1%2, yToxs, yy13ar1 (Varz is the same)

Vosa @ yTows, YT3xy, Yy12%2 (Vsay is the same)

We conclude that
k3(G) > k3(Gg) +3(n—8) =11+3(n—8) =3n—13 > 2n — 2
where we have used the assumption n > 15 for the last inequality.

Subcase 2: Vis # 0 and Vag #£ 0, Vay = Viy = 0.

Let y1o € Vig and o3 € Va3, By Lemma 3.6, any vertex in Vi will be adjacent to all
vertices in Va3, By Rule 3, Vis — Vi1 U Vay; so, since Vy; = (0, there is a vertex yi34 € Visg.
This vertex must be adjacent to both y;5 and yo3. Let G, be the subgraph of G induced by
N[z] U {y12, Y23, y134}. Then G, has 8 vertices and 12 triangles. When y is added to Vs,

Vig 1 yx1%2 YYas®a, Yy13a1 (Vag is the same),
Vigs: yr1T2, YToks, YY13471,YY134T4 Vigs :yx1T4, YT3Ts, Yy1221,
Vasa: ywox3, Y324, Yy1202 (Vaio is the same).

Therefore, k3(G) > 12+ 3(n —8) =3n — 12 > 2n — 2.
Subcase 3: Via # 0 and Vay # 0, Vg = Viy = 0.

Let y1o € Vi and y34 € V34. By Rule 3, Vis — Voz U Vozy, Vig — Vi U Vg, but
Vas = Vig = 0. Thus, there are y134 € Vigs and yazs € Vasg with both y134 and y934 adjacent
to y12. Also by Rule 3, V34 — Vo3 U Viag and Va4 — UVy U Vo, This implies there are
vertices Y123 € Vigz and w412 € Vi1o where both of these vertices are adjacent to ys4. Let
G’ be the subgraph of G induced by N[z| U {y12, Y34, Y134, Y234, Y123, Ya12}- Then G’ has 11
vertices and has 22 triangles. When y is added to Vg,

Vig: Y122 YY13471, YYa3aT2 (V34 is the same),
Vigg: Yx1%a, YTals, YY3a®s, YY13a01, YY134T3 (Vaga, Viza, and Vigy are the same).

Thus, k3(G) > k3(G;) +3(n—11) =3n — 11 > 2n — 2.
Subcase 4: Vig £ O, Vog £ 0, Vag # 0, Vig = (.

Let y12 € Vig, 493 € Vag, and y34 € V4. Note that Vis U Vos U Vay is a complete 3-partite
graph by Lemma 3.6. By Rule 3, y34 — Vis U Vigy, but Viy = (). Therefore, there is a
Y124 € Viz4 and this vertex is adjacent to both ys4 and ye3. Let G, be the subgraph of G
induced by N[z] U {y12, Y23, Y34, Y124}. Then G, has 9 vertices and has 15 triangles. When
y is added to Vg,

Vig 1 yx122 YY23T2, YY23Y34 Vag o ymaks, Yysals, YY124%2, YY3aYi2, YY3aYi24
Vaa © yx3Ty, YY23Ts, YY124%4, YY23Y12, YY23Y124 Vigs 1 yx1Ze YTaks, Yysals
Vaga 1 yxats, YT3ka, YYi2y2, Viga 1 Y12, YT12T4, YY23T2, YY34T4
Vaa1: yxsxy, YyT1Ta, Yy1221.

Hence, k3(G) > k3(Gy) +3(n —9) = 3n — 12.
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Subcase 5: Each of Vig, Vos, Va4, Vi is not empty.

For this subcase, we will count triangles in GG in a different way than the previous subcases.
Let

X ={x1, 20, 23,24}, S = V1o U Vo3 U V34 U Vyy, and T = Vg3 U Vazg U Vg U Vipo.

Claim 3.7. The number of triangles that contain at least one vertex in X is at least 2n — 6.

Proof of Claim 3.7. There are four triangles that contain x, 2|T'| triangles that contain two
vertices in X and one in 7', and |S| triangles that contain two vertices in X and one in S.
By Rule 3, a vertex y;5 € Vi lies in a triangle of the form y522x5 where z is some vertex
in Vo3 U Vo34, Similar statements hold for vertices in Va3, V34, and V. Altogether, we have
44 2|T|+2|S| =4+ 2(n —5) = 2n — 6 triangles. O

If |S| = 4, then we let Vi; = {y;;} for (4,7) € {(1,2),(2,3),(3,4),(4,1)}. Since G is Ky-
free, Lemma 3.6 implies that S induces a Ky — e. The two distinct cases, up to symmetry,
are the missing edge e is y12Y23 OF Y12Y34.

Suppose first e = yioy3s. For any y123 € Vigs, we have that yia3ysayi4 is a triangle.
Likewise, yi34 € Va3s implies yosayioy14 is a triangle, ysq1 € V34 implies yzqiy23y12 1S a
triangle, and y410 € Va4 implies y410Y34Y12 is a triangle. The two triangles yioy23y34 and
Y12Y41y34 have no vertex in X. The number of triangles containing no vertex in X is at least

24 |T|=24n—-9=n—T.

Thus, by Claim 3.7, G contains at least 3n — 13 > 2n — 2 triangles.

Now suppose e = yj2y23. By Rule 3, y15 has a neighbor in Vag U Vagy = {ya3} U Vasy, but
Y12 is not adjacent to ya3 so Vasy # (). Similarly, 23 has a neighbor in Vi3 U V15 but 9,3 is not
adjacent to y12 80 Viyo # 0. For any y934 € Vass, Yo3ay12ya4; is a triangle. Likewise, y412 € Viio
implies 1412123Y34 is a triangle, and y123 € Vigs implies yi23y34y41 is a triangle. Therefore,
there are at least

v = 24 [Vaza| + [Vara| + [Vizs| = 2+ |T| — Va4
triangles in G' with no vertex in X. Since V534 and V5 are not empty,
Vaa] <n — | X U{z}| — S| — |Vosa| = |Varz| <n—-5-4—-1—-1=n—11.
Hence, v > 2+ (n —9) — (n — 11) = 4. Combining this with Claim 3.7 gives
k3(G) > 2n — 2.

The final possibility is if at least one of the parts Vio, Vas, Va4, V41 contains 2 or more
vertices. Assume |Vio| > 1 and let yiy, 3%, be distinct vertices in Vis. Let yo3 € Vas, Y34 € Vau,
and yy € Vi1. The set {yls, Y23, Y34, ya1 } cannot form a K4 and so by Lemma 3.6, this set of
four vertices induces a K4 — e. There are two triangles using these vertices. Similarly, there
are two triangles using the vertices {y2,, 23, y34, ¥41} and regardless of which pair of vertices
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is not adjacent in this set, one of the triangles must contain y%,. Thus, we have 3 distinct
triangles contained in S. By Claim 3.7,

This completes the proof of Lemma 3.5. ]

Combining Lemmas 3.2, 3.3, 3.4, and 3.5 implies Theorem 1.4.

4 Proof of Proposition 1.9

Let s >3 and t > 6(8;2) be integers. Suppose G is an n-vertex K-saturated graph with
minimum degree ¢ where n > 2s—2. We must show that G has at least (*?)(n—2) triangles.
First assume every edge of G lies in a triangle. If ¢(e) is the number of triangles that

contain the edge e, then the number of triangles in G is

1 t(e) > e(g) > %n > <S ) 2>n.

Now assume there is an edge xy in G that does not lie in any triangle. Let A = N(x) and
B = N(y). Because zy is not in any triangle, AN B =1{. If a € A, then N(y) N N(a) must
contain a copy of K, 5. The number of triangles that contain a and an edge from this K,_o
is (*,%). The same argument applies to a vertex b € B. Let C = V(G)\({z,y} UA U B).
If ¢ € C, then both N(¢) N N(z) and N(c) N N(y) must contain a copy of K, 5. These two
copies of K,_5 cannot share any edges because AN B = (). Thus, G must contain at least

(5 (57 er2(S ) 2 (e -2

triangles. This completes the proof of Proposition 4.
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5 Appendix

For G, the edges in N(x) are x1x9 and x3z4.
) . .
14 Triangles in GY: zx1%T2, TT3T4, Y123T1T2, Y124T1T2, Y134T3T4, Y234T3T4, Y123Y134T1,
Y123Y134T3, Y123Y234L2, Y123Y234L3, Y124Y134L1, Y124Y134L4, Y124Y234T2, Y124Y234L4

For G, through Gf, the edges in N(x) are x1xq, zox3, and x3x4.

‘/124 ‘/134

. . -
11 Triangles in G 22172, TT2T3, TT3T4, Yo3T2T3, 2124T1T2, 2134T3T4, Y232124T2,
Y232134L3, 21242134L1, £1242134T 4, Y2321242134

. o ,
14 Triangles in GY%: 2172, TX2T3, TT3Ty, Y23T2Ts, 2124T1T2, 2194T1T2, 2234T2L3,
! ! /
2934034, Y23212472, Y232194T2, Z1242234X2, 21242234L4, Z1947234T2, 2194723474

. . ;.
15 Triangles in G: xx1%2, TX2x3, TX3T4, Y123T1T2, Y123T2T3, Y124T1%2, Y234L2L3, Y234T3T 4,
Y134T3T4, Y123L1Y134, Y123T3Y134, Y124T1Y134, Y124T4Y134, Y124T2Y234, Y124T4Y234

. . ,
8 Triangles in G5- TX1T2, TX2T3, TX3T4, Y123T1X2, Y123T2T3, Y134L3L4, Y123Y134T1, Y123Y1347T3

. oy
7 Triangles in Gg: xx1T2, TX2T3, TX3T4, Y124T1T2, Y134T3T4, Y124Y134T1, Y124Y13474

For G, through G5, the edges in N(z) are x1x9, xox3, x3xy, and T4x;.

. . ,
10 Triangles in G%: 22172, TT2T3, TX3T4, TT4T1, Y123T1T2, Y123T2L3, Y134T3T4, Y134T4T1,

Y123Y134T1, Y123Y13423
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. . ,
16 Triangles in Gg: 22172, TT2T3, TX3T4, TT4T1, Y123T1T2, Y123T2L3, Ya12T1T2, Y4124 1,
Y234T2X3, Y234L3X4, Y134T3T4, Y134T4T1, Y123Y134T1, Y123Y134T3, Y412Y234L2, Y412Y234T4
: : /.
11 Triangles in Gg- TX1T2, TX2X3, TX3T4, TT4L1, Y1221T2, Y134T3T4, Y134T4T1, Y234T2T3,
Y234T3T4, Y12Y134T1, Y12Y234T2
) . ' .
12 Trlangles m GlO' TL1T2, TAX2L3, TX3Ly, TX4L1, Y12X1L2, Y23L2X3, Y134T3L4, Y134L4T1,
Y12Y134T1, Y23Y134T1, Y12Y23T2, Y12Y23Y134
) . ;o
22 Trlangles m Gll' TX1To, TX2X3, TX3Ly4, TX4X1, Y12L1T2, Y34T3X4, Y123TL1T2, Y123L2T3,
Y412T4T1, Y412T1T2, Y234T2X3, Y234X3T4, Y341T3T4, Y341T4T1, Y12Y134T1, Y12Y234T2, Y34Y124T4,
Y34Y123T3, Y134Y123T1, Y134Y123T3, Y234Y412T2, Y234Y412T4
. . '
15 Triangles in G, @x1T2, T3, TX3T4, TT4T1, Y12T1T2, Y23Tol3, Y34T3Tys, Y124T1T2,
Y124T471, Y12Y23T2, Y23Y34X3, Y124Y23T2, Y124Y34T4, Y12Y23Y34, Y124Y23Y34
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