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Borg and Fenech: Reducing the maximum degree

Abstract

Let A(G) denote the smallest number of vertices that can be removed from a
non-empty graph G so that the resulting graph has a smaller maximum degree. In
a recent paper, we proved that if n is the number of vertices of G, k is the maximum
degree of G, and t is the number of vertices of degree k, then A\(G) < w We
also showed that \(G) < kL+1 if G is a tree. In this paper, we provide a new proof
of the first bound and use it to determine the graphs that attain the bound, and we
also determine the trees that attain the second bound.

1 Introduction

Unless otherwise stated, we use small letters such as = to denote non-negative integers or
elements of a set, and capital letters such as X to denote sets or graphs. The set {1,2,...}
of positive integers is denoted by N. For any n € {0} UN, the set {i € N: i < n} is
denoted by [n]. For a set X, the set {{z,y}: 2,y € X,z # y} of all 2-element subsets of
X is denoted by ()2{ ) All arbitrary sets are assumed to be finite.

We adopt the definitions and notation in [3] for graphs. In particular, we have the
following. For v € V(G), Ng(v) denotes the set of neighbours of v in G, Ng[v] denotes
Ng(v) U {v}, Eg(v) denotes the set of edges of G that are incident to v, and dg(v)
denotes |Ng(v)| (= |Eg(v)|) and is called the degree of v in G. The minimum degree
of G is min{dg(v): v € V(G)} and is denoted by 6(G). The mazimum degree of G is
max{dg(v): v € V(G)} and is denoted by A(G). The set of vertices of G of degree
A(G) is denoted by M(G). For X C V(G), Ng(X) denotes J, .y Na(v), Ng[X] denotes
U,ex Nalv], GIX] denotes the graph (X, E(G) N (%)), and G — X denotes G[V(G)\X].
We may abbreviate G — {v} to G —v. For v,w € V(G), the distance of w from v is
denoted by dg (v, w). Where no confusion arises, the subscript G is omitted from any of
the notation above that uses it; for example, Ng(v) is abbreviated to N(v).

If |[V(G)] = k+1and E(G) = {zv: v € V(G)\{z}} for some z € V(G), then G
is called a k-star, or simply a star, with centre x. The k-star ({0} U [k],{{0,i}: ¢ €
[k]}) is denoted by Kjj. The complete graph ([n], ([Z])), the path ([n], {{1,2},...,{n —
1,n}}), and the cycle ([n],{{1,2},...,{n — 1,n},{n,1}}) are denoted by K,, P,, and
C,, respectively.

If Gy, ..., G, are graphs such that V(G;) N V(G,) = 0 for every i, j € [t] with i # j,
then Gy, ..., G, are said to be vertex-disjoint.

Ifk>2 65,...,5 are vertex-disjoint k-stars, and G is a graph such that V(G) =
Ui, V(S)), U_, E(Si) C E(G), A(G) = k, and |M(G)| = t (or, equivalently, M(G)
is the set of centres of Si,...,95;), then we call G a special k-star t-union and we call
S1,...,S; the constituents of G.

Figure 1: An illustration of a special k-star t-union.

If Sy,...,S; are vertex-disjoint k-stars and T is a tree such that V(T) = |J._, V(S,),
U§:1 E(S;) € E(T), and A(T) = k, then we call T" k-special (it is easy to see that T’
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has ¢ — 1 edges ej,...,e;, 1 such that E(T)\U._, E(S;) = {e1,...,e;1} and, for each
i € [t — 1], there exist some j, k € [t] such that j # k and e; = {v;, vy} for some leaf v; of
S; and some leaf vy of Sk).

Sl 52 Sg S4 S5 56

Figure 2: An illustration of a k-special tree with k = 3 and ¢t = 6.

We call a subset R of V(G) a A-reducing set of G if A(G— R) < A(G) or R =V (G)
(note that V(@) is the smallest A-reducing set of G if and only if A(G) = 0). Note that
R is a A-reducing set of G if and only if M(G) C N[R]. Let A(G) denote the size of a
smallest A-reducing set of G.

A subset D of V(QG) is called a dominating set of G if N[D] = V(G). The size of a
smallest dominating set of G is called the domination number of G and is denoted by
7(G). A dominating set of G is a A-reducing set of G. Thus, the problem of minimizing
the size of a A-reducing set is a variant of the classical domination problem [4-9]; the aim
is to use as few vertices as possible to dominate the vertices of maximum degree rather
than all the vertices. Many other variants have been studied; many of the earliest ones
are referenced in 9], but nowadays there are several others. If G is k-regular (that is,
d(v) = k for each v € V(G)), then our problem is the same as the classical one, that is,
AG) = +(G).

The parameter A\(G) was introduced and studied in our recent paper [3]. An applica-
tion is indicated in [13]. One of our main results in [3] is that if G is a non-empty graph,
n = |V(G)|, k = A(G), and t = |M(G)|, then A\(G) < n+(§k_1)t. We remarked that this
upper bound can be attained in cases where \(G) =t and also in cases where A\(G) < t.
In this paper, we provide a new proof of the bound, using induction, and use the new
argument to determine the graphs that attain the bound.

Theorem 1.1 If G is a non-empty graph, n = |V (G)|, k = A(G), and t = |[M(G)|, then

n+(k—1)
MG < ——m——2,
(@) < 2k
Moreover, equality holds if and only if one of the following holds:
(i) k =1 and each component of G is a copy of K,
(ii) k = 2 and each component of G is a copy of Py or Cy,
(111) k > 2 and G is a special k-star t-union.

In [3], we also proved the following bound for trees.

Theorem 1.2 IfT is a tree, n = |V(T)|, and k = A(T), then

n
ANT) <
()_k+1

We noted that the bound is sharp; for example, it is attained by k-stars. In this paper,
we determine the trees which attain the bound.
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Theorem 1.3 The bound in Theorem 1.2 is attained if and only if T s k-special.

As pointed out above, a dominating set is a A-reducing set, so \(G) < v(G). We
conclude this section with a brief discussion on how the bounds above compare with well-

known domination bounds. First we note that our bound "=t op A(G) is at most

Ore’s upper bound § on ¥(G) (for 6(G) > 1) [11], and it is equ;’f to it if and only if G is
k-regular (in which case \(G) = (G)). However, taking 6 = §(G), we see that our bound
for £ > 2 is at most the classical upper bound %n on y(G) [1, 2, 10, 12] if and
only if t < 6+1 (14 2(6 +1) + 2 In(6 + 1) + £2). Thus, the improvement offered by
our bound is limited. It is 1nterest1ng that, on the other hand, the upper bound 25
in Theorem 1.2 is a basic lower bound for the domination number of any graph G with

A(G) = k (see |6]), meaning that no domination number upper bound is better than it.

2 Proofs of the results

We now prove Theorems 1.1 and 1.3. We will make use of the following two structural
results from [3] ([3, Propositions 3.4 and 3.5]).

Proposition 2.1 ([3]) If G is a graph and v € V(G)\N[M(G)], then A\(G —v) = A(G).
Proposition 2.2 ([3]) If v is a vertex of a graph G, then \(G) < 1+ A\(G —v).

The next result implies that the bound in Theorem 1.1 is attained by special k-star
t-unions, and that the bound in Theorem 1.2 is attained by k-special trees.

Lemma 2.3 If S,...,S; are vertex-disjoint k-stars and G is a graph such that V(G) =
U, V(S), U, E(S) € E(G), and A(G) = k, then |V(G)| = (k + 1)t and \(G) = t.

Proof. We have [V(G)| = >>'_, [V(S;)| = (k+ 1)t. For each i € [t], there exists a vertex
x; of S; such that Ng,[z;] = V(S;) and E(S;) = Es,(z;). Let X = {z1,...,2:}. Since
V(G) = U_, V(Si) = Ng[X], X is a A-reducing set of G, so \(G) < |X| = t. Now let
R be a A-reducing set of G of size \(G). For each i € [t], we have k = |V (S;)\{z;}| =
|Ns,(x;)] < |Na(z)|] < A(G) = k, so Ng(z;) = V(S)\{xi}, i € M(G), and hence
RN Nglzi] # 0. We have |R| = [RNV(G)| = |[RNU_, V(S)| = S0 IRNV(S))| as
V(Sy1),...,V(S;) are pairwise disjoint. Thus, |R| = >I_ |[RN Nglzi]| > >0, 1 =1t We
have t < A(G) <t,s0 A\(G) =t. O

We need the following notation from [3|. For a graph G, let M;(G) denote the set
{ve M(G): d(v,w) <2 for some w € M(G)\{v}}, and let M5(G) denote M (G)\M;(G).
Thus, My(G) = {v € M(G): d(v,w) > 3 for each w € M(G)\{v}}.

n

Proof of Theorem 1.1. If each component of GG is a copy of Ky, then \(G) = § =
%k_l)t. If G has s; + s components, s; components of G are copies of P;, and s
components of GG are copies of Cy, then k = 2, n = 3s1 + 4s9, t = s1 + 459, and clearly

AMG) = 51+ 289 = W If G is a special k-star t-union, then n = (k + 1)t and

MNG) =t m by Lemma 2.3.

We now prove the bound in the theorem and show that it is attained only in the
cases above. Since G is non-empty, n > 2. If n = 2, then G is a copy of Ky, so

Published by Digital Commons@Georgia Southern, 2018



Theory and Applications of Graphs, Vol. 5 [2018], Iss. 2, Art. 5

AMG)=1= ntk=Dt e proceed by induction on n. Thus, consider n > 3. If k = 1,

2k
then G is the union of vertex-disjoint copies of Ky, so \(G) = 2 = nt =t Consider

2 2k
k> 2. Let v* € M(G). We have n > |[N[v*]| = k + 1.
Suppose that M,(G) has a member u. If A(G —u) < A(G), then A(G) = 1 < 2D

2k
(asn>k+1). fANG)=1= %, then V(G) = NJu|, so G is a special k-star 1-union.
Now suppose A(G — u) = A(G). Then, since u € My(G), M(G —u) = M(G)\{u} and
v & Ng_o|[M(G—u)] for each v € N(u). Thus, M(G—Nu]) = M(G—u), A(G—Nu]) =
A(G —u) =k, and A\(G — N[u]) = M(G — u) by repeated application of Proposition 2.1.
Let G =G — N[u], n’ = |V(G')|=n—k—1,and t' = |M(G")| = |M(G —u)| =t — 1.
By Proposition 2.2 and the induction hypothesis,

MG)<THMNG—u)=1+AG) <1+ 2 +(§k—1)t :n+(§k— 1)t_

Suppose A\(G) = "+(§k_1)t. Then M\(G') = W By the induction hypothesis, G’ is a
special k-star (f — 1)-union or each component of G’ is a copy of P3 or Cy. Suppose that
each component of G’ is a copy of P or Cy. Then k = 2. Let u; and us be the two members
of N(u). Since u € Ms(G), we have d(uy) = d(uz) =1, so N(uy) = N(ug) = {u}. Thus,
G[N[ul]] is a copy of P; and a component of G. Therefore, each component of G is a
copy of P; or Cy. Now suppose that G’ is a special k-star (¢ — 1)-union with constituents
Siy...,5t—1. Let S; be the k-star (Nu|, E(u)). Then Si,...,S; are vertex-disjoint,
V(G) =V(G)UNu] =U_, V(Si), and '_, E(Si) € E(G). Thus, G is a special k-star

t-union.
Now suppose My(G) = 0. Then M(G) = M;(G).

Suppose that G has a vertex u such that N[u| contains at least 3 vertices in M(G).

If A(G —u) < A(G), then)\(G):1<Wasn2k+l,t23, and k > 2. Now

suppose A(G —u) = A(G). Let n' = V(G —u)|=n—1land t/ = |M(G —u)| <t-3.
By Proposition 2.2 and the induction hypothesis,

/ — 1\
A(G)SH—/\(G—u)SH—%

SH(n—1)+(§k—1)(t—3) :n—i—(k—lz)]z;—(k—Q) Sn—%(;{k—l)t' )

Suppose \(G) = "H;];l)t. Then, in (1), equality holds throughout. Thus, £ = 2 (as
n+(k—0Dt—(k—2)=n+(k—-1t),t' =t—=3 (asn'+(k—1)t' = (n—1)+ (k—1)(t—3)),
and A\(G —u) = W By the induction hypothesis, G — u is a special 2-star ¢’-union
or each component of G — u is a copy of P; or Cy. If G — u is a special 2-star ¢-union,
then, by definition, the constituents of G —u are the components of G —u (because, since
k=2and |M(G—u)| =t, dg_u(z) = 1 for each leaf z of any constituent), and they are
copies of P3. Therefore, in any case, each component of G — u is a copy of P3 or Cy. Let
s1 be the number of components of G — u that are copies of Pz, and let s5 be the number
of components of G — u that are copies of Cy. Let uy; and us be two distinct members of
N(uw). Since k = 2 and |N[u] N M(G)| > 3, N[u] = {u,us,us} = N[u] N M(G). Thus,
d(u) = d(uy) = d(ug) = A(G) = 2. For each i € [2], dg_y(u;) = dg(w;) —1 =1, so u; is
a leaf of a component H; of G — u that is a copy ({u;, u}, u}}, {uu, uiu!}) of Ps. Since

N(u) = {u1,us} and Mo(G) = (), H; and H, are the only components of G — u that are
copies of P3. Suppose H; # H,. Then G has sy + 1 components, sy components of G
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are copies of Cy, and 1 component of G is a copy of P;. Thus, n = 4s, + 7, t = 4s9 + 5,

and clearly A\(G) = 2s5 + 2. We have A\(G) < 255 +3 = n+(§k_1)t, a contradiction. Thus,

H, = H,, and hence each component of G is a copy of Cj.

Now suppose that
IN[v] N M(G)| < 2 for each v € V(G). (2)

Suppose that, for each v € M(G), N(v) contains no member of M(G). Let x € M(G).
Since M(G) = M,(G), there exists some w € N(z)\M(G) such that y € N(w) for some
y € M(G)\NJz]. Since z,y € N(w), N(w)NM(G) = {z,y} by (2). f A(G—w) < A(G),
then A\(G) =1 < W asn > 3 and t > 2. Suppose A(G —w) = A(G). Then M (G —
w) = M(G)\{z,y}. Let G' = G — {w,x,y}. Since N(x)NM(G) =0, N(y) N M(G) =0,
and N(w)NM(G) = {z,y}, we have M (G") = M(G)\{z,y} = M(G—w), A(G') = k, and
MG") = MG = {w, z}) = MG —w) by Proposition 2.1 (as y ¢ Ng—{w}[M(G — {w, x})]
and © ¢ Ng_[M(G —w)]). Let n’ = |V(G')| =n—3and t' = |[M(G")] =t—2. By
Proposition 2.2 and the induction hypothesis,

"+ (k-1 _ n+(k—1)t

n
< —w) = N <
AMG) <1+ AMG—-w)=14+\NG) <1+ o7 o

Finally, suppose that G has a vertex u in M(G) such that N(u) contains a member
w of M(G). By (2), N[u| N M(G) = {u,w} = Nw]|N M(G). If A(G —u) < A(G), then
AMG)=1< % asn > 3 and t > 2. Suppose A(G —u) = A(G). Then M (G —u) =
M(G)\{u,w}. Let G’ = G—{u,w}. Since N[u|NM(G) = {u,w} = N[w]NM(G), we have
M(G") = M(G)\{u,w} = M(G—u), A(G") = k, and A\(G") = \(G—u) by Proposition 2.1
(as w ¢ Ng_o[M(G —u)]). Let n = |[V(G')] =n—2and t' = |M(G")] =t—2. By
Proposition 2.2 and the induction hypothesis,

MNG) S 1HAG —u) = 1+ MG < 14+ LB =Dt (B2 1

2k 2k
Suppose A(G) = % Then A(G') = w By the induction hypothesis, G’
is a special k-star (¢ — 2)-union or each component of G’ is a copy of P; or Cy. Thus,

G > 1.

Suppose first that each component of G’ is a copy of P; or Cy. Then A(G’) = 2. Since
A(G) = A(G), d(u) = d(w) = 2. Thus, N(u) = {u',w} for some v € V(G)\{u,w} =
V(G"). Since N[u] N M(G) = {u,w} and k = 2, we have d(u’) < 2, so N(v') = {u}. We
obtain dg/(u’) = 0, which contradicts §(G’) > 1.

Now suppose that G’ is a special k-star (¢t — 2)-union. Let Si,...,S; 2 be the con-
stituents of G'. Let X = N(u)\{w} and Y = N(w)\{u}. Then |X| = |Y| =k -1
and de(v) < k for each v € X UY. For each i € [t — 2], S; has a vertex v; such that
ds,(v;) = k. Since A(G) = k, d(v;) = dg,(v;) = k for each i € [t — 2]. Note that

XUY CV(G)N\{on,... 00} = V(GN\M(G) = O N(vy). (3)

=1

Suppose X NY # (). Let z € X NY. We have z € N(uv,) for some p € [t — 2]. Thus, we
have u, w,v, € N[z]NM(G), contradicting (2). Therefore, X NY = (). Recall that we are
considering k > 2. Since |[X|=|Y|=k—1, X #0#Y. Let 2* € X. By (3), 2* € N(vp)
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for some p € [t —2]. Consider any y € Y. By (3), y € N(v,) for some ¢ € [t —2]. Suppose
q # p. Then ({v1,...,v—2}\{vp, ve}) U {x*, y} is a A-reducing set of G of size t — 2. We

have
n+ k-1t Hu,wUUZIV(S)|+ (k— 1)t
t=22M0) = —5— = 2k
_ 4+ k+D)(t—2)+ (k—1)t PR
2k ’

a contradiction. Thus, Y C N(v,). Let y* € Y. Then y* € N(v,). By an argument simi-
lar to that for 2*, X C N(v,). Since XNY = (), we have 2(k—1) = | XUY| < |[N(v,)| = k,
so k < 2. Since k > 2, k = 2. Thus, since N[u] N M(G) = {u,w}, N(u) = {w,u'} for
some v’ € V(G)\M(G). Since d(u') < k =2, N(u') = {u}. We obtain d¢ (v') = 0, which
contradicts §(G’) > 1. O

We now prove Theorem 1.3. We make use of the following two well-known facts,
which were reproduced in [3] for the proof of Theorem 1.2.

Lemma 2.4 Let x be a vertex of a tree T. Let m = max{d(z,y): y € V(T)}, and let
D; ={y € V(T): d(z,y) = i} for each i € {0} U [m]. For each i € [m] and each v € D;,
N(v) N Uj—o Dj = {u} for some u € D;_;.

Lemma 2.5 IfT is a tree, x,z € V(T), and d(z, z) = max{d(x,y): y € V(T)}, then z
is a leaf of T.

Proof of Theorem 1.3. By Lemma 2.3, \(T') = {5 if T' is k-special. We now prove
the converse. This is trivial if n < 2. We proceed by induction on n. Suppose n > 3 and
MT') = ;25 Since T'is a connected graph, we clearly have k > 2.

Suppose that T has a leaf z whose neighbour is not in M (7). Then M (T — ) = M(T)
and, by Proposition 2.1, A\(T'—z) = A(T"). By Theorem 1.2, A\(T'—z) < ZT} < 7+ Thus,
we have \(T') < %5, a contradiction.

Therefore, each leaf of T is adjacent to a vertex in M(T). Let z, m, and Dy, Dy,
..., Dy, be as in Lemma 2.4. Let z € V(T') such that d(z, z) = m. By Lemma 2.5, z is a
leaf of T'. Let w be the neighbour of z. Then w € M(T). By Lemma 2.4, w € D,,_;.

Suppose w = z. Then m = 1 and E(T) = {zz1,..., 22} for some distinct vertices
21y ..., 2, of T. Thus, T is a k-star and hence k-special.

Now suppose w # x. Together with Lemma 2.4, this implies that N(w) = {v, 21,

., 2k—1} for some v € D,,_5 and some distinct vertices 21, . .., zx_1 in D,,. By Lemma 2.5,
Z1,...,2p—1 are leaves of T'. Let 7" = T — v. Then each component of 7" is a tree. Let
IC be the set of components of 77 whose maximum degree is k, and let H be the set of
components of 7" whose maximum degree is less than k. Let W = {w, z1, ..., zx_1}. Note
that (W, {wzy,...,wz_1}) € H, and hence W N {Joee V(C) = 0. Let Sy be the k-star
(WU {v}, {wv,wz, ..., wz_1}).

Suppose K = (. Then {v} is a A-reducing set of T, and hence A\(T') = 1. Since
MT) = #35, we have n =k + 1, s0 T = So. Thus, T" is k-special.

Now suppose K # ). Let Ty,...,T, be the distinct members of K. For each i € [r],
let R; be a A-reducing set of T; of size A\(T;). By Theorem 1.2, |R;| < “2 )l for each

€ [r]. Now {v} UU;_; R; is a A-reducing set of T". Thus, we have

- |VSO | n
T)<1 :
)< +;|R’|— k+1 Zk+1 “k+1
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Since A(T') = 2=, it follows that V(T') = V(So) UU._, V(T;) and X\(T;) = VT for cach

k+1° k+1
i € [r]. By the induction hypothesis, for each i € [r], T; is k-special, so there exist vertex-

disjoint k-stars S;1,...,S;s such that V(T;) = Uzzl V(S;;) and Uzzl E(S:;) C E(T;).
Therefore, we have V(T') = V(Sp) U U, U§;1 V(S;;) and E(So) Ui, U?:l E(S;;) C
E(T). Since Sy, Ty,...,T, are vertex-disjoint, So, S11,---5 S1t1s---s 51+, O, are
vertex-disjoint. Since A(T") =k, T is k-special. O
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